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Just such a task. It is pcs:;Ibi 0 , 1’ course  • to use per turbat  iou ;  theory t o r a i n  an
a p pr :xiu:;ate  answer to  the  quest ion of h- w the vibration modes ci’ a structure will
cnrm~ e as a result of small oh a u :~ e: in the s t ruc ture ; th i s  hab been known s i n c e
the 19th century . The i n t e r e s t i r i j~ problem is , however: how does one invert  the
usua l  perturbation analys is  to answer the quest ion posed at the beg inning of th is
paragraph? The most recent work  in t h i s  area, at these laboratories , has establ ished
t :a-t t by m i n i m i z i n g  the change t o  a structur e necessary to accomplish a set of
changes to its v ib ra t ion  modes , we may defi ne a unique set of funct ions  which in
tu rn genera t e a unique change t o the structure. These functions may be called per-
t u rba t i on  f unc t i ons , arid they a re formed from pairs  of vibrat i on—mode funct ions and
their  spatial  der iva t ives .  A detai led d e s c r i p t io n  of that  desi gn technique , which
we cal l inverse pe r tu rba t ion , togethe r wi th  it: appl ica t ion  t o  the r edosign  of a
can t i l eve r  plate , based upon v ibrat ion mode data obtained from liolo~~r’:u:: in ter f er o met r y

i s - i ncluded as Appendix I to the present report .
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Presented in the main body o1 the current report is a descr ip t ion  ot’ the
prog r am of resea rch carr ied ot~t under Air Force Contract F’$l( 5— i ’ (— ( I—Ob’ 9 - t to
extend this inverse perturbation method of design , developed for holographically

t 

determined vibrat ion modes , so that  It can make use of the NASTRA N f i n i t e - el e m e n t
program for vibration analysis. This has resulted in a design p:’ogi ’iu wh ich , in
Its present form , o rti:  be used i i :  conjunction w i t h  NA STRAN to a l te r ’  the th ickness  - - I ’

— any  shell—like structure in a way that will generate , approximately , some spec i l’it ’d
change in the vibration modes of a structure . At present , changes in lateral
dimensions of the shell , or in the boundary conditions of the shell cannot he deal t
with , but future programs can be conceived to make this possible. The current pro—
gram is likely to require a number of iterative designs , each involving a NAi-~TRAN
analysis to finally close upon a structure whose actual vibration :; are t he  0:10::

desi red; however , all ind ica t ions  are that  the procedure wi l l  converge .
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SECTiON III

THE CONCEPT OF INVERS E PERTURBATION

The detal Is of t he de r ivat ion s involved in inverse p e r t u r b a t ion  can be found
in Ret’s. l~ and 5, as w e l l  a: Appendix I to  the p:’esoirt. rt ’l ’or ’t. . Presented here are
the go l i er ’ut I results ar id the spec i t’ic equat ion s  that relate to this progt’w::. First
the  design v a r ia b le  is taken to be the  percentage change in th ick : i t’s s  c i ’ the p i n t o

~ - t ’  she.i 1 , Ah (x ,y ) l i ( x  ,y ) , where h(  x ,y ) is the th ickness  of the  s t ruc tu re , ari d x and
y are spa t i a l  cc: i’d I nutes in i t s  :u r f r t cc  . This dos I gn va r i ab l e  is expanded a: a
se r’ Ic: ; of t’unct  i t i l ;;  , i, x ,y ) , cal l ed  pei’turbat ion funct  ion : , w h i t ’!: ar e funct  i on ; of
the cc~ rd I nate: • x and - Tire c~ e t ’l’ i o  i ent:; 0 1’ the scm I O i;  z i m e  do t emm i  ned , in  par t
by t he  sot of c hanigo: ;  tha t a i-c ,it’:; I i-ed , (A) , w h i c h  ~‘a:i be wr i  Lten :t :u a row mat i’ i x .
The (.\ ) ‘ s are r’elated to percentage chan ge: in frequency , and to coeft ’i t ’ l ent:

I’ atinri xt uz’e between in: , ~1t ’ sh ape: . (A s  noted 1:1 the liunmirtry , adniixtur’e between mode
stlitj ’ ..’s imp I it’: that the mode shape :; ci ’ art  a l t e r e d  :: I r ucture  may bt ’ expressed uts
I i r i t a : ’  c~ -iii  i nat .! ~ r1:; c i ’ the rut ,  ale :; b u t  p05 01’ an unaltered ut ructur’e . ) The fi  tin 1 :0’

ci ’ :‘ac t 0:: i i i  t h e  equni t  I or: tha t  de termi  lie :; th e pe mo on t : t n ~o t ’l iar:ge:: in thi chit os:- i s
t he  i r , vc r o e  ci ’ whtu t t -  we may caJ I a PC r tur ’l ’at  i on matrix , [ B - Thus t lie p i ’  I n ia t ’y  t ’t l u : t —
t- i - u i  . ‘I ’ I r :v  to I ’ :O’ pert  u :’bat ion i

A h i t x ,y ) / h (x , y )  = ( A ) [ l ~r
1( O ( X ,Y)r . ( 1 )

I n  l I t !  - it I )  , the  !lecessuir ’y set  c i ’ p o r ’ tu r ’l ’u r t  ion fu n i ’t I sr i : ;  l :uL v t -’ b oot ;  :u’r’ :; r ;oc ,I  I t : :

: 1 r’ ,o,’:: ti m ix, (U x ,y ) ) , and the super’scr  ip t  T ,ler ; ’( os t he  1 r o t r i s p o s e l  m ;t t  r ix; I - e •
:t  ct ’l  ;i::~:: :::-ot u ’ix. In order ’  to - o f i n e  t l i t ’  m a t r i x  l i i i  • i t -  I : :  r t ece :u : :u tr ’y  t o  ::j ’oc I I ’y i - l i t ’
: 0 1. or  chuuig t ’ : :  ( A )  run !  tlio set of p o r t  u r ’ l ’ u i t  i on  f uxa ’ t ion : :  (~

; 
) - ( N o t  o :  tht ’  t i u i i ’t i or:: ; I

tle I’ t ’r ldol ice of ii cii x and ,y I:; i nip I j t’tl t. ltrou~ l:out. - ) The por t o  ri’uLt ion 1’;; :r c t i on:; rib
forme d from product:; of parameter: obtri i nod fr’om pa i r s  ci ’ v i P  :‘ :t t I on ;  mo,Io: : , or 1’r’or:;

~uu tt’ t’s and prodw’ t:; 01’ parameter ’s obt .ui  I net! from it :1 ng to mode . Thus , w ~ ‘ may i dent i fy
pert .urbrit  ion funet  ions  by a doub le subscri pt 0 iik °~~ , d e p e n d i n g  Ul)orl Wh e t - l i t ’”
the  p e r t u r b a t i o n  funct ion  is formed from two vibrat. j o l t  mode : :h in tpos  ~ ~(x ,y ) and

~k 
(x ,y) , or from 

~~ 
(x  ,y ) alone . Simi  t a r ly , the change parameters (,\

1~ may l’c
clia racteri zeil by doult i t’ si;l’sci I pto “nk be ing  mel riLed to t .he :unotu :t of incit e shape

that. Is found added to a:; a result ci’ the :;tructur al t’ !l u uIge , rita! .‘t~~~~ he i n~
ret  a te d to t i : ~ - i : ui g t ’ in f requency  of t l i t ’ n ih  irroth ’ - The :: ~tei ’ I fi p u t t -  I or ; of airy ci iar i~ t t ’

parwneter re j u I me: : t he no I u’~ i cii of the  corre:; pond I rig perturbat  ion  funet  ion  i n
Eq. ( ~i ) - In t h i s  wa,~’ , t h e  nu.mbe r of d e t  ro t ’-, ; ot ’ freedom in  e h i : L i i g i  r ig  the struc t ure

1 .~~ ‘ . , the p or t  u r l u i t  i c r :  functions ) mato ’ht’:: the number of c o r i : : t r ’ r i  I i i i : :  (1 .o .  , t h e
change pa rameters ) -

14



With tlii :; i i i  m i n d , let U:; def ine  the element :; ci ’ t h e  j ; ’ r ’ t  ; i r ’ l r t t  i t ’ : ;  n ’ ; : ; t  r ’ i  x • I

The double subscri pt:; of I - l i t ’ chan ge variable: and the pertu:’Pat ion Curio t i  ‘I; :- ,
be ordered i n  some arb i t rary , but mutually consi stent  way - l e t .  I t s ’  J o i n ! ! . ’ :- ; i t - s s r I
‘ u k ’  correspond t o  t h e  :;ingl ._ ’ i ndex ‘ p ’ , and :;ome other ::ul ::;’mi I t  i - a i r ’  ‘ i n : ’
spond t.o ‘ .j ’ - Then , the element b

pq 15 defined by

b pq = ffO~1 (x ,y)O q (x ,y) dxdy , it. ’)

where the tn t og m at . ion I: ;  carr ied out over the :;w’i ’na’e of tire :; t rue  t u m i ’ . I n  I h i i :

j ’rir’ t i cu lar program , however , the structure ha: been dlv i  d~ ti I n i to  d i so i’ t ‘ t. t ’  - 1 omen is
:iO that  the integration:  wil l  extend only over t f i e  ci omi t; is • and t i r e  t ’, ’n t  m l  hut ! t n ; :  -

f 0!’ the element: summed to obtain the coe f f i c i en t  h~~~.

In order to def ine  the perturbation functions , Wi ’ must f i  1’:: t d e f i n e  t hi t .’ mode
functions according to the form they tak e i n  the NASTRAN progrtun Each e lem e n t
of the  she l l—like  s t ructures considered in th is  program is a triangular p l a t e let  ci ’

unifo rm thickness  which  may bend out of it: plane to any shape descr ibab le  by a
cubic polynomial (minus the x”y t e rm) ,  and may deform and rotate l iomogent ’cu:;iy w i t h i n
it:; plane . In terms of a coordi nate system local to each element , we may d e f i ne
the mode funct ion , vectorially , as

~~~= 1 + i ~~ fly + k ~~ flz~ ( 3 )

where i , j  and k are unit vectors in the x , y and z d i rec t ions , w i t h  be ing  out .
- ) of t he plane of the elemen t , and the or ig in  located at one of the corner’: of t i re

element , The components of ~~ are , i n their polynomial form: ; :

~nx = a~~1 
+ a~ 2x + a~ 3y ,  (ii )

= ~~~ + bn2 X + b~3y, and ( I ’ )

2
nz = C 1 

+ C n2X + c~~3
y + c~~~x” + cn5xy + Cn6Y 

(6)
4 C~~~~~T 2 + Cn9y3.

The perturbation functions , which may now be defined , are most easily oxpm essed
a: the sum of three terms : 1) an inertial terr a , 0m~ 

2 )  a term related to be ndi ng

strain , °sb~ 
and 3) a term related to membrane strain , 0:m • Thus,

0mp + 0sbp + 0smp ’ (7~

S 
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wia ’re  the :;ut ’:;c i’ i  pt ‘ p ’ der iot  i ’s the  mode pa i r u k  - ‘lire t ’ m t  ; ; n ’Lu r ; t -  ion  fut i c t  ion ,
i t  should be noted , I ‘,i it  a iii i i i ’  - ‘ l i i i ’  1’i n’s t . term @1’ Eq ( 7 )  I

= _ (ui ~Pl ;/~ kMk ) 
~~~~ 

- , 

(Ii)

where  ‘ n ; and Wk 11 me t i r e  nat tu’al t’reque rro los , Iii madiai: :; , or ’ a ‘li ’ :  n an:&I h , I ::
volume Jo :;: i t  y , rind I: ;  t h e  model ru t ; ; : ; : :  1 I - I t t ’ k t h  n u t l i ’ , d o i ’I r i ’ ! b y

= ffph ~~ ‘ dx b y .

i’ t~ l~’ f i  lit ’ the  ,a’i’oti d I t , - ’ t & ’ l ’ r n r : :  , I i t -  u: : 1’ 1 r’ : ;t  de l ’! no l i i i ’ a n t I  m i x  d a::

= [ Eh1/~ fl wk Mk ( i  V : )  
~

U ( i—v) / :

wl : ,  r • t E 1:; i;’iini g ’ : modu lu: ; and V is l’o i so ’n: ’ :: i’at . i t ’ . W. - nutty now li - I ’ I ru

~ ~g ‘1~ — ( i i
\ i t  ~~~

:d 1’ 
= 

~ “

w h i t ’ ro

(~~~
“ 

(~~~X X
, ~~~~~~~~ 4.~~

’ ) ,  au si
h:’ k:’ k:’ k . ’

it 
I, I

= ( , X X  
, -1~~. , :h xY )

rio i t s  r i  - -

w i t h ;  t h e  ;ai ~~t i ’ ,0~r ’ i p t t - :  d t ’n i o t - i n g  1’zu ’t. l a t  d i  i’l’er - t ’n t -  i : t i  i t  w I t ! ;  t ’ - . I ’ ’ ’ t  t o  t in t ’ : u I ’ —

set ’  i j ’ t  var  i:;! Ii’s . i i  nat !y

= (~~
‘ 

) ;; (.i ’ it
::rnp nxy \ -5 kxv

w}u’:-t ’, I 
~ 

V X V(4. ) = (4. , -I” , 4. + ‘1’ ) , and
rixy nx n;y ny l ix

= 
~~~~~~~~ ~;y 

~~~~v ~~~~~~~~~~

Now I . ‘t  u:; li’ r ’i it t ’ t l ; ’  ‘h ; ; n ;g - I : ; r ’ ; ; u : s ’ t  . ‘r o  , (,\ ) , i i i  l i on : ; : -  ‘ ‘ t t ; t  b’ t ’r ’ ”n ;t  ag.

t ’ i t l ig ,t ’s i n  r ’t’ . ’p i ’r i ’y an ti i’cot ’t’ i • I  ‘ I I  t o  . t ’ t i n’ :  I x l  n r a ’ :  
—
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= {(i + ~w / w ) 2 
— 1) , and (16)

~nk = C~~(w~ - 

~~n
Wk ,  (iT)

where C
nk is the admixture coefficient. The new mode shape, 4. , is expressible in

terms of the old mode shapes by the seri es =

(18)

where the term for n = k is omitted from the summation.

The format of the NASTRAN analysis requires some degree of approximation in
implementing Eq. (1). First of all , whatever new design is generated it should
have plate elements of constant thickness , or else the analysis of the new struc-
ture becomes very difficult. This means that the values of the perturbation func-
tions in Eq. (1) should be made constan t for each element by taking the average
value over the element . Another difficulty arises in the computation of the
matrix coefficients, b~ , via Eq. (2). If the integrations over each element are
carried out as indicatea, with products of the polynomials of Eqs. (i~_6), then
the resulting integrands may be as high as twelfth order polynomials . To avoid the
awkwardness of having to deal with such large polynomials, we decided to approxi—
mate the perturbation functions within the elements by their average values therein.
This made evaluation of the matrix coefficients , via Eq. (2), simpler, and simul—
taneously provided constant changes in thickness for the plate elements.
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~ I- I C’l’ It~N IV

1 ‘~‘I’IE 1’h~1( RAM bIIrC1 ~it t F” 1’ION~

— A number or’ computer program:; were required in order to implement t h e  do.- ’. i gr i
cor ic i pt. ci ’ t i i  : u!’j oct  co r i t  m ut t ’ t- - A:: do::t ’r I i’ed in; the followi tig ~ui rrtgr’ ;;~- I to  , they
I rio Lud e d t- i ; -  pm r :iar’ y rout i rio:: Co t’ : 1 ) :;t ’c” l I I ng, Li i i ’ tl~’i’hAN dat a • pr ’ot ’t ’:s  I :ig, i t
arid r’ ’t’r:; i rig ‘ot ’ I ’ t ’ i t ’ I ~- u i t  W i t - a  f i  i t ’s ( i ’ ;~~’I ’ 1’i~ ) ; ,

~~
) :u’ ; ’ t ’~ t i r ig  t i re dat - ; ;  f l I t ’:; aniti coin—

I - u t  I r i g  t i n ’  :;: ::ot ’iated I ’ e r t u r ’ I a t  i c r ;  fu iict .  I cli:: ( N A ~~i”i’ ) ; and 3) un ’ i ’ t ’ I t .  j u g  t i t i ’ ~~t - r —

t o r t - it. lot ;  fu i i c t i o r r s  and i t - i ’  Ccr’t :;i r i g, ,  the i- ed . ’:; I gr i  (Clh’t j  NAl ~’i ) , a;: we ’ll :1:; van ~‘;; :~
l 1 1 :ir’. r ’ou t  i at ’:; for p cr f o r r n i i r ;g  ch eck:; ( I i - ~ ~~NA~~i Y  , C, ’ r t ri d D i  l~I . ‘V ) , u s ; ! su i ’r’sut I

Co r- :; [lop Li n’y I rig sonrie of t t i e  programnn i t i g ,  -

1 (11 ~I’ I ‘H 1 ‘ n ’ograni

l i i i;: ~‘r ’ L ’g,l’aI :; :t t ’t ’ o 1 t . : , a: i n p u t . , t u ~ d.i si’ .lacements i n !  mo  t at  1 ’fl : ;‘l ’ I I i , ’ g,r i i
p o i n t - . : of t.,he C l i i i  t o  t ’ I t ’ r n ; t ’ n r t : :  i n ;  ;n NAC’ iHA N v i b r at  i on—nnrode u in;n ;ly: ; i:: , in  w h a t  i s
i’ ’ Ct - u’ :’ . ’ !  t -o ;;:: t , i ; o  l o t : ;  I t ’o omd I i n t l .  t ’ ::\’ ’, :tern , These di  :: }-l :t , ’, ’ro ’ n ;  t ; -  ar id  r ’ ’t at  I or o ar’ , ’
‘ou ;v . ’ ot~~ ! t.o , ;o t:: or ’ coo m ti I r i : t t - i ’:: t h at r u - c  io t ’;tl  L-o ‘ :ti ’ i i  ~ ‘ ! ‘n:it ’ r ; t  - Tu it ’ d i 5 1 1  :t~’~’r!:,’ u t

:; ; : 1  :‘ - t a I I or ;:; :u r a - I ito :  u ::od , t -ogt ’t - i t o t ’  w i l l ;  Ht i :;  - (I~
_ ( - ) , to ; - i l  vi ’ i ’ ‘r - H a - ‘c , ‘i ’ i ’ i t ’! oil I

that  it ’ t o  mu: : it lao t. :- o ’ i at e  t-:;trA At ’ i’o;~o: u t .  Leon ; ~~ I-h e ‘ I toot -n t : :  ; I - i - . , l l ; t ’ a ’ : ;  , 1- ’ :: • alit!

c ‘ s cC -i : :  - 
i;_
~ ) - T h i s  I : ;  done 1 ’ r ’ oki ’!; a.\ ’i ’ ;it A ,~ v l i - m a t  I or ;  root! . ’ , arid t i n ’  n’ t ’:;;i t I

L;’r ’ :IV :: 0!’ ,‘~‘et ’f ic i t ’ n : t  :: n t - i’ stored in I r d ; ;  f i le s  C i ’  ii::,’ in ;  :ult::,’n :t ’;; t

I~A,~ l’i l ; ’ -g  n ’ :nJ ; i

I:; - n ’ ‘g r’ :ts; I ’ ’ i ’: : o - ‘ 1 0  i n ’ : - : ;  t I - : ;  n ’s ; : ’  I I ‘0: ; t ’r ’u:i i - q :; . ~
‘ — I t  , : i  . - :  I - .~~ ‘ :: I m

:; v, - :‘:i~~’ ’  v: ; I Ut ’ - ‘v et -  t ’:; ’ I l  t n ’i  t u u i g  1 , ’ . - , w i t ::ii! n ’ t i  I I r a ’ : -  t !  ;~i \ - ‘1 : ; u t i ‘I’D I ‘CC ;.a ’m. ’ w i - i l

I ’  I ’: ‘ I I : ;  t - I I:: ‘ u ; : ; - ; ;  t : t t  I t ’i  I .  I ‘t~I V t iL I ’ It ;, !:: I - ; ; ,  - w’: ; I tie - I ’ i I : :1  - ‘gu ’ : 1 1 - - C t ~~‘ ‘e’—

1:;.’! ‘ i  two ~ - ‘  1 y r : ~’l;: i :; 1 : - v ‘ n ’  :; I n’ : t I i ; ’: ;tI a i ’  a g  cii i i i  i ! i ~ ’ x , v ~ I : ; n ; ~’ • w a  I 1, ’ : ~ tAD - I
a .o i :- i ’o ;it  i r k ’  t i ’ 1 L I , i n H ’ g,n’ :~ t i -s  a r t  t on; or ’ I t i  t w o — l i  1:1, - r i : :  io n ; : u l  ~‘oI y ;a ’n : i i : ;  1 cv ’ n
I t t  tr I:;t;t-~til ut i’ i’t ’g, i t ’l l  - ~‘5’- ’ ’ ’ n i t : ; , ’! 1’ I a s i t ’  n’ , ’ut  no t i t t I to  l;i;u i n  I ;;v t ’ ; ’o t ’ n - - u ’ ’ , ui’ ! : ; —

I i .)li ~~~~~~ ( t ’i [ i \ : J : :i ’\ r -j  ) —

Cl i AN:  I DAC ’ ‘ n ’ s ’ ’ :::;

Thh :  I :: t i n -  p t - i u : ; : t n y  i n n v ’  r. ;. ’ p er t  i i i - : ;  I i ’ n i  ~j i ’ ;: I g,r ; I ’ r ’ ’u ’n’ : ; J ’ ; • : n : : , l  i t  I ; : ; : :  i - i -e u ;
w n i t t - ; ;  ::t ’ t i : ; t  i t  ::;:ty u , : e b e r t  ; ; ; ‘ t - : ; t  c i i  :‘s;; ’l I t ’ n ; , : gi ’ r n t - ; ’ : ;t  ‘1 el t i t er ’ b y NA: ’- ’ i Y  ~:;i;~l

5 ’  iO’ Cs u - i ’ NA: ‘I lIAD ) ‘i ’  1 ‘y I - I-Ik”i ’NA: n ; an t i n  l :n  i i i  Vi i’:’ i on  01’ ii; ,’ or’ i g i l t : ;  I p;’ ao l ’ ; U:: 1 1: ; t

g,t ’ r ; t ’r a t t  ~~:: l’ ’ n ’ t  u n ’ t ’ a t  L i i i  I s n ’ t  ‘r i : ; ‘ i ’ ’;:; t ’x i ’ o m i u l ’ u ; t  t i  !;ol ’gr ’: t ; t n i  o , h : n t  :; - t ’ i ; A N I D A :  

-
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accepts the various material parameters (Young ’s modulus , Poisson ’s ratio , density ,
and the vibration mode frequencies), as well, as the desired change parameters , i.e. ,
the values. It thereupon cc*nputes the necessary perturbation functions , forms
the perturbation matrix , and generates the new design via Eq. (1), whi ch it can make
available on punched cards . It also prints the modal. masses , the perturbation
matrix , the determinant of the perturbation matrix , the coefficients of the series of
the perturbation functions that comprise the new design , and the root-mean—square
change in the element thicknesses . Finally , via a subroutine called NASTDL , it
computes the various perturbations that may be expected , even for the parameters
that are unconstrained , by a formula that is more accurr.te than the perturbation
formula used for the inversion process (see Appendix ).

‘S

TESTNASTY Program

Thi s program will print the values of the perturbation functions forme d by
NASTY , and compute the Rayleigh quotients (the ratio of maximum potential ener~ r to
maximum kin etic energy in the vibration cycle ) and the check for orthogonality of
the stiffness functions (see Appendix ). It will also compare NASTRAN computations
of the vibration modes with holographic data when the vibration mode is a scalar
function . It does this by computing the mode-function value of the NASTRAN solution
at the center of each sect ion of the structure for which the holographic data has
been digitized .

C2 Program

This program takes NASTRAN solutions for the vibration modes of an original
and modified structure , and computes the admixture coefficients that best describe
the new modes as a series of the old modes.

DISP2V Program

This program computes vectorial displacements , in one plane , of a plate or
shell from data provided by two holographic interferograms of a vibration mode .
(The third component is assumed to be zero,) By selecting the centers of the see—
tions of the interferograms to be digitized so that they correspond to the NASTRA N
grid points , direct comparison can be made to the NASTRAN analysis.
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l’-II L’’I’ I t I N V

P~NA 1~Y’I’ I C A I — V X I ’ i ’ H 1 i’ll- N ’I’AL LNV }It ’-T I GAN 1

:IA :’HAC M,~~,ii ’ i I n ;g,  of’ th e V I i’n ’at. ion ~loi ie~

‘ t l ; t ’ C i  t’ ::t. ‘o r o ; -n ; t : t t  i o n s :  1- ’r’ t ’t ’rr :t t -d  w i t - i ’ t h e  DACI’HAN : t n i ; t l v  :5’s ci’ b l o t _ i t  a ui; I t’or ’n::

I ; ; t t ’ and a uz ;i  Ca r - u ; :  ::heli. .:, ‘~~;:e ’:t t ,  . The 1 - l o t  0 wo o ~ , , ‘1 ; ent l ong  b : ’  l,~.
’’ ‘u;; w i d e  l V

C, ~I ‘
;
‘ 

i ’ !’ , t aL-k , :1st! t i e’ ,:I t ,-L I ::t ’groi - r ; t .  w u ; : : a 145
0 an’ ’ of a ‘yl I :ndr  i cal :;l:t ’l I , 7 .  to ’ -n ;

l o n g ,  w i  I t ~ :t r ;  ~‘;;I em r ’ : t d i  I i : :  51’ 7.:’,’ ci:; anti a t,htickno:::; i i ’ :1 . ~l 7 ‘u’: . ;N’ i , . -; :;:; t I t ’
I I  l us t i’ :ut ion: : ci ’ t .l;t ’ :1 : ‘ ; t ’ t  un - i ’s , a:: divided into t u ’ i a r : g ; :  l : ; u ’  t - l t ’u o t ’ i t  o !‘ ‘u ’ I
NAC’ ’ILAII  :1 ; ;:;  1 sos  , : t r ’ t- ‘ - r ’ - :a’ n i t  ‘1 i n ;  F i g .  I - 1 - l u i t  t O  I u t i  b- :Ln’ :U’ ;, - t  i - n ’ s  W , - l ’ t - t :t I :or ;  I - - i t - :

l~ ’;i ;ig ’ u: ua ’ b u I  us , I . ,  t . I x I C ~ nt o : : ,” t ’n: i ’ ; di ’z i s i t v  • g ,  C.7  sr ’::oo ;a:: ~‘, :;:,,l It ’l  a i l l ’ :;

mat is , v 
* 

0. L - ( ‘ i i : , ’, ;, - we n ’i ’ i ’xpe r’ I nI t ‘I i  t ;ul  ly d o t e  on;; I ned for an ; :; 1 urui i rwin :u 11 k ’:,’
: iv ;t i  labile in the U ’i ’lit ’ ::l ; sj - . ) ‘iDe I o ;u id ;in ’v condi  t ions  t ’cr I l i t ’ c I :;u ::;’ t ’ i  t ’ h ; a ’ :: w, -r a-

I u: iu - o : ;t ’d b\ - re~ u : n I n g  tha t, t ,bic d i  :11 I ; u t ’c n :n ’r i t : :  an-id mot : i t  i on to  or l i t , ’ gn’ i 1 p o n u i t : :  a i~’r ig,
t i ’ 0 I :u n l ’ t ’d t ’tlgt ’:: b ’o sero

l o o t sg,r’a~ i : ;  of I 1:, - , ‘ x b’ i ’r I i :tt ’ i t t  tI 0 1  moe t l i t ’ t ’ :: , :10 t’: t t - : ’  1, ’:; 1 o h  I ’  co r m ,  -s~ - ‘ u i !  I o -

analy :o~l Dv N ACC ’kAN , ut : ’ ’ 1 - r ’ i ’ :;en t o !  i i i  F’ I g .  C .  In t ’:; t ’ I , t a ’  1 t ; i  e k u : ,  -so - ,’ I ’ t - ‘
-

‘ - - ‘ , —

u:;’ ’n t t :u I u - i  :u t.o W R :  C. C ~C ‘u: ; on t ti ’ : ;vt ’ :’ : ;gi - -

Li ’ i’su : : I’ :tn’ I ::s;; t t ~ I - l i e  r:io k’ fn ’ i ’ i ut ’n lt ’ I i ’ :: ~ I ’ H i ’ I, r ’uct ; ; n’ t -0  , - i ,  - C - I : ;  l u -C v 1 : ;
DAC’i’HAN uund t ’xl ’en’i n:;i ’r: Ltd lv  • :t r’ ’ - 1r i ’::, ’n I t ’! i n ;  l’ t I i ’ I i’ ;’ t i : ,  i ’ , r - -, : I t L ; ’ -o v I : ‘ tI  I ’ ;
u - :

TAPLF I

_________________________ 
Y ’HUC’i’U’RA I MoPE FRI -IQut-I N Cl i-IC

\‘ i h i ’ atj t r :  Plat e LIh iel 1
1-lode NASTHA N Fxper ’ innienta l  - NAC’i ’HAN - Fixpt’:’ imt ’ i : t - ;u  i

• C1 105.6 Hz 1.’O,b  Hz 898.7 1hz 80t’ .O hi ::

f,, ~~~~ ~ liz ~~~~ li z 1280.0 Hz 1380.0 liz
f3 b!L” ,C Hz 7~0.6 Hz 14118, 0 Hz 14080 .0 liz

‘iDe I~A C’l’iIAD con :ipu t ; it. I or ; : : of the  Crequt’nc  I e; u for t. lie ’ vi brat- i cii run e ’ !, ’:: o C t - l ; t ’
p i ; u t , i ’  :ume au  l ower ’  L u au the i -Xi s ’:’  iiaental. v:t.i Si ’:; b y  ;t p I ’r t ’X I u: ni t o  I y 114 per cent- . - ‘ ‘t i :’

l ’or ’cen i t  o r ’ th ;e d i  f fe r e r i c i ’ i~; ;iuo t o  th e  I : ;n’ g i -  th i  I okra’:;:: ci ’ t - ! to oxp i ’i ’ iru :enta i i ’ lu ;t  0 ,

w i; I Ic the n ’ t ‘nn; I n ing  t on i h’encefl t. I :: t 1Ui I t ’ p n ’eti ’: ;I ’ I y due I ‘ a premat ure ‘ut o f t ’ ci’ t ins
i terative solution for the ci g,oui v o ,’t cr in  the NMITHAN ccnnn l’ ; ; t - :it  lo u t : :  . Tb ; i ’ ct ’r ;:: I:: I t
iii t,he error suggest:; a rep eL i t iv e  pn ’oblem , anal I - i r i s  i s  : O r h ’ I ’ i i r t  , ‘ h  !t ,v t I n ’  Hay l o l
t 1t,;o t . l en t  chieck~ I ’n ’ i ’L ;i ’n : Led l ater -

icr

- -  ~~~~~~~~~~~~~~~~~~~~ , :-~~~~~~~~~~~~~ T~~~
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Fi gure 2b . l o ot u g r ap l t  of the i-ct :ai ,e~ ~h e i l  ~ s eL i  j u t  I l ; ’ ’
Experimental. i-otE-mr:i ;;nt i ~fl of tote ’ VI ; - n a ; l  I ou t ~~~ it’s



- ‘ - -

• ‘: iL\ . , ‘ , ‘ : • : :  , : ;  :e’ b - ’ - -  :‘ , - u -  I t ;  ~‘ u: ,, - : , -b C “ - ‘ : :, ‘ - u : , ’ : t ’:; - ‘C t i  ::i;e ’i 1 ~ h u’ -

I a; n I h ’  I- ’ n :; t - , ’~ 
- :5 . 1  1 - 1 , ,  ia ‘ - : u ’ - - t i  : - I ‘, :~~, :5’~ ; - . ; a. -: - a’ ‘ a :;:;  I : - , -

C: :‘ . :‘~ ‘,h , ’ C n - t - l i n ’ n u c \  W h i  i ’D S ti i - : ’ n ’ t ’u ’  I - ’ ,- 
~~~~ - u ’  I C  I t ’ l ’ t ’ t ’ l ; t  • ~:st.  b e  ‘ Is  i i;; - ‘ C

: ; C I C C it ’:: in; :1,!, ‘ -1 ~~;; ‘ 
- I :~ n t ’ ,! - 1 1 n ig  t t ; , ~ t o tn t5! ; ; : ’ , c, ‘n i l  It I ui  w - : , , ’: ’ i - Hi~ 1;, - 1 1 1: ;

- - :0 - ,o C to t ,‘:t ’~~~~’1, -i ’.

u s  .‘ra 1-L 10 : \ : nL i \  :: lUit! NAC- :’IL-~:I i ’5 ’n :i~- ,’; .n — i s’s

1 o~~:’:~ ;i: : ~~~ ‘ a, ” :‘, - ‘ ‘ u ’ , h i ’ ,h of D ot !; I Di ’ p1 a t e  ;u :~i t h a ’  Oh io  1 1 :.- ; .  - 1~’ ‘nt5 ’ l  ~.‘:j~~: V i l - u ’ . ; I i a ,
- - ; i , ’ t :  ot ’ i t : ;  C I:’ , - t I : u ’ e i -  n ::, ’ i t ’ :~ , Ii i  t h a ’ ~‘ u ;, ;t ’ s ’ n ’ t hi ’ rh ;e l  1 wh ; t ’u’e  b a t  I: I m n t u : s v  - : ‘ ;:, -

o : ; ,t  ;tx i t ;  I :u;c t i o n . - t i  no -  l’o::s i t - l i ’ , I ~~~~‘ h~’le’g1’:L’:: r’~’~’ ’:’d I : ig~~- * 
tor i ’ w i t  I: I l lun.’ii:utt is:: i ’ :’, :

n : : ’ 1 - C t  oC t h , ’~~~tt t ’ i i  :t : t! t h e  ‘1 hi t’ wit !; i l l u m i : ; :t t  i o n :  i ’m5 ’::; I h i ’ n ’ : ot : t  wt ’rt ’ u : sts i , ’
- ‘ ‘ia~ V i b - r - ~~t on ’v s t  at e  wu ; : ; r :s; i i i : ;  I u ni ’d t ’X:tt ’t i t : ,  z ;:u;t ’ for e ast ;

: ‘t - ,’ord I uig isv r,it’:u;:: on ’ a :‘i ’i ’d t -a5 ’k c i u - - u t ;  I w t :  I ci ; ia ;; ! i~ ’y e l  an opt  i sal t i  t rot  1, -u : ~‘n’ , - : - ,-
- i t  t O t  the vi L’u’ :;’, ,‘rV ::a’t i on:  • a t ’;u si p : I :- : ’ f l i t  i ’r’  to ou l ’l -n ’ t ’:’ :; a l l  ~: i gut u i l  s

I :  - so, ’ in; t.!n’ meg son s C it  t’ t - :: , ’u :a r r5 ’ o , u t I, in; i t I n ig c i  r sui  t t o  t ’: I at’ 1 1 ::i; a v i  t ’x’ at  ory
I ’  - \  - I • ari d t i :~’ t ’t ’: ivi ’::t  I on ::; 1 :5:11’ l i t  I t O ’S and t ’ loo t n’ornmg: ;i ’t tin’ i v o n ’  t e ’  s I I ::nu I: ; t o  I

- - a-i  I I on - When:  t l :o :;V  S I i ’ : :  w a:; ;‘ :‘~~‘;‘ ‘ n’l ;td ,t t;.~ t i ’d , I lie t i’st ’ t o O t ’ S own:  vi! ’ m at  is ::
:::~ - - ; -  ‘ i. ,”,d C C i t  ,‘ n’ u: : i n ; t ’ I ; ;e n : ’ t ’~l ;u ’u: 5 ”, ~‘i~ r’t’;;t’:ilutt’ ’, nuid t h i ’ I i:::i t i ::~’, o i i ’ s u i t  w o u l D

; ‘ - :‘::: i no t I: , ’ :l.’; l - l  I t  ti !, ’ , C:i, ’ t :  :1 0’, : ; t i - u - : I:; i rt he r t ’n ;t  ly :5’:’ ’ ; : t u t i ’~ e t hu t n i u ;u; s’i’ i ’ u :  I
, ‘~~, ‘ I ’ . :;t ie ’i: c i ’ t hi ’ mo :~t ’n ;u ;n ; c t ’ w I : , ’ n - i ’ a ::u: ; :t I i  S i t ’  1 ft  t ’t ’ I a’ coo l 1 1 at  ci’ t’i’eqU eflsy s:t: ; ~- u’ s—
, !:; ,o- a ign i N c a n t t  ~‘t :;u igt ’ on v i  b ’ u’ :t t  I t ’ll t U~I ’ i t t  udi ’ . 1’, is tr:ipou’tant to u::a I n i t ui in: 

v h ’u’a t  i o n ;  l e v e l  ou t t I n ’  o t  moo t t i l ’ s ’ l’s;’ int ’L of t h~’ t ws to ’  isgn’:e ::::  t w i t  ii  d i  Ct ’, - :’ - : . ~
; 1 1 ;c:: su it  ion s  b - ,’,’:nt, ; , - i : ;  the i n ’  l’ i ’ ’sOSt  n~tn’t l o u t , : HIt ’ ,l i  I’I~i ’i , t ,l10i , IS t’O I l : ~~i ’ p at  t i ’u’ : ,, -

I - , -; w a n  t hen:; I s  ~~ t ’ 1 t o  dot oil:; j I l t ’ t h i ’ mot  i t ’n: t :‘ani: :vt ’u’ :;i ’ t o  t tn ,’ d i  i 0~~’ I i - a n ;  0 1’ ol’s ’’, ’ —

vol i ‘u :  —

I ’ S a te  Holt’~
u’ ;ij~

; I~’ Dli ’:;;; 1 1 : :

, i ’,’,’:;:: I u’55’ I ~‘n ; - Cr~’;’: bto iog:’;L’-:.- ‘1’ I t o ’  1- lat  , - 
• IS’ s ’,’ u’D 5 ’d wi :  1 I c  i t  wain v i  l’u’al i h g  I -

‘ :1 , ’; , , ‘ t ’ i t ;  Ci  no :t  t loo t ’ n’ e::onst u ; c i ’ :-s’ ,l, ’ :; , a re l’r i ’:-en t ~~ t : ;  1 - i c ,  _ - t o  uu ’ i ’ . u’ , - , - :
- b- , t h t ~ Ci  u .s t t ’ i ’ n t ~! ; :;g 

* 
C 1u ’ ;; I I ‘u’ , - I s ’u ; , :5: 1 ::,‘ ,‘,t nal  t ’ t ’:n ~! i so ::o’D ’s - Vu .~’:’; :- :‘, ‘v I

- . w, ’u -~ , t l i i ’::t ’ 1- i t t  t t ’u’nu ; h in d 1-ot ’:; d l v i  deC I n i t  0 ~~~- sect I ~‘u~’: Ia t ’ x t ’ :;u’ n ’a ,t ~- a u ’.d t hi ’ ,ioI :1

1: : t I cod and - t ’-i t t i’d t o  1~! ,l ;ia iu’a t  I c  t’uua’ t Is ’ni z ;  , i- c:-  5’ou:ul’utm iso: ;  I 0 t h t ’ NAC I’Dl , AN :o~i
, ‘no , t h i ’ 1 at I i ’m wOt ’ t ’ t ’ v ut l u at e d  i t t  t h e  gt ’ou::i ’t :‘ I sad i’° t i l t  :: t ’e ’ l ’I ’ t ’O ;-ou aì : u ; ’ , t o  t ho

cC I l :i ’ di ~~ i t  i ct ’,! Si ’ s’ t i , ’us - . ‘ i l t ’  s l I t s Ci ’ mi ’u ;ci ’u : • Ce i’ i Si u ;g t h e  na ’ lt ’ C i t  I-el  w - - : :
t;e .i. ‘Dl ,-\N :tu ;,1 I ins too’-’::: I~~~,’,1 ho l, ’,’r~;t u’; i t ’ n’esul :: • art’ h’:’i ’:’ ’ot ~‘D :; I;i1 It ’ ii 

‘ ‘ - - u t ’ :  , - I -
~ t - - : I ; ,  ; - - c :5: t ’ :O’t ’’ : 1 c It ’ 1t ’~ t I :0:: a I ’ o, : ‘, ‘ u ’ ’ , ’n ;  ,‘I ’ ; :t

:- ;. : a , : : - - , a 0 - :0: t 1 : :  ~~I 1 o a, : ,~~S -

CI:’ ii h:s ’l - ‘u’ ;;: - ; , ‘ :t ’ I

Dl t ’, ’,’:i - t u ’ust  :~~‘u : : :  Cr’s;’: I ::, - I;, ’ i , -~’;’ .t : ’ : , : t’ i ’~’ ’ n ’ ht ’ j  i t t ’ t to  z ’l~ ’l 1 w t t i  lo  i t  wu t ~ I - u ’ : ; I  i n i g

t ’ ; t c t ,  - f  it : ;‘ 1 1 1: n’ ‘~~‘ u; i ’51c ’:’- : ;u ’ i ’ i ’ n ’ t ’~~t ’ n:  ted i n :  F’i g .  ~~ 11; i ’ : , ’ ,‘ ‘ ; - u’ , -~: t onal  • u’o’u- :’h,’—

log i ca l  I 
* 

,‘ I t : t ’ :e ’;t ’ I h i t ’ - , - t a ‘Ct ’ . - 0 t’ u h ’ ’ ,s: I t’s’u’na p1 ~~t i ’ . ‘ I l ; ’ p l ;~’t ‘cu’a ; ’h: ; 5 ’C I
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I’I ’ie (~ t~n .0  H z )  or ’ a 0.317 c:::, Thick I~o’ Au-s of a ~‘y I i u ; a ; ’ :  ouLl Ch i’’i
with  Cb ,~i ’5’t .  Ct’tuu; 111 ;:u : ; i ni:;t I ‘nt  Cu ’ ’::. t i ; e  1,e t~ - rn~ ; R i g h t 1 C I
Edge at C c t - t s ~un ’t 
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Figure 1ib Photographn of t h e  Ilolograp i;ic R e c o n s t r u c t i o n :; of tine Ci ’ i’sn;d Vi! ’  n ’ : ;—
tion Mode ( 1380.0 H z )  of :i 0.317 cnnt . Th ick  115° Arc of u t cy linchi ’ icud
Shell with Object Beam I l l umina t ion ;  From : the Left w i !  R igh t ( C l a m p e d
Edge at Bottom)
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— 

II: ’. ~ ‘ 4 ’ : ,  ‘ — I -
- ‘ u ; , 111 -h ~; _  :‘ , - ‘ - C a , - a’ : - ‘ - I -

- 
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ri O tS. : I r oot  Ion;:: Wer e  d i g  it iced U;: in;g ::t -t ’ tl on ; ; ;  w h t , : ; t ’ ‘ t ’ n t t  I I ’ S O i l  ;‘n’ t ’-.;iton:di ’d 1 ’  :1 x l ’ - ’ -;
c i ’ I h i t ’ NAC’ i’DAN g i-  IC l~ ’ i n i t : :  ‘l’h;e h io lograpl ;Le data Wa ;;  I ’r’ se ’ ’ ::: ;i ’ iI t-o t ’ ! ’t  :i i ’ m ; v - - I n ’  I : t I

I i  :;j t laoementa; (Hi t ’. e)  (Undi ’:’ t h e  assuxn:ptiori thntt nn;O t ion ; i i i  t i t i ’  a X I S  ‘i ’ t h i ’ ‘ v i  i n i d e n ’
was n;egl ii ’ I b i t ’) .  ‘ t u i t ’  I t ’ I I !  ::l n’w:: t . l t ’ con n : i e t r i  ;;, ‘n ; l’et~w et ’ri  t i ;, N A It ’i ’I 4 A N  n ina! i t I  s ’g r ’ ; ; ; ’ !t  I t ~
r’e;;uI I :; for the 1’ im : ;  L three iniodes of t h e  s!;ell -

TABLE ii
MODE FIT DIFFERENCES : NASTRAN 110 . }{OWGRAPH Y

1)j, t ’ t ’t’

in

Mode I 
— — — 

, 00il , , 00 $t’ .0O~ 14 - 01) 3, ’ - OL)C7 - 0 0 1
Mode . — . 0014 ,  — - ‘ ) O i  1) ~ .00 l ’) — .0055 . OOb.1 .0 1 0 )

3 . 0, ’ 1 ;t ,’ - 000, ’ - 000s .0033 - 00014 .0 3, ’

I .001t 14 - OUt - i , 0014 ~) 
- 0(1 30 .00. ’ 3 — . t iC !

I .0080 - 000 4 — .0050 .1)01!; . 0 1 D t  . () “0
I 

- 0000 - 0 ’ i O  .0 100 .0 1°C - 0. ’;’;; .0 400

OOi ’O . 001-0 . OOe O .00 30 , 00. ’O .00 , 0
- 00l~ 0 — - 00140 — .0! o14 .0 It ’ ! .0, ’ 40 - 0, 10

— . 00 30 — . 0 0 ( t )  — . 00 40  . 0 0 1 0  . - ‘L ’ ;) .~~h ’ I 0

.00140 .0030 .00140 . 0000 .000 1)  . 00 4~)
, 001O — .01~’0 — - 0,’’)ti ,0 . l t ,.10 _ 0. ’I40 - LL’ 10

— . 000;) — .0310 — .0150 ~.0,’l ;0 _ . O 1 ’ ,0 .01 1,10

0010 . Os t 1 - 0000 - 00 30 . 01 ,h) - 00 1 0
.0000 — . Ol~)0 — . 0110 .0100 .1 1,10 .0 1 ~0_ .0 l 4 l O  —~ 0 300 — ~~~ ‘ i)~ ) 

~~~~~~~ 30’ — . C O D, ’ — .0  4 . 0

— . 0000 - 0080 . OOhO .0010 — .00 41 ) — -

.0050 — . 01 30 — .00(0  ,01 00 , 0, ’00 .0 1 ) 0

.0300 .05 10 .01490 . 0 0( 1  .0 3~’0 .0 4 , ’ i~

C v : :t . , ’n : ;  i ’l; , ’~ k: :

Tue n ext conuputat. ions I nvo l v i ii the cr1-I ,)gs ’n: ; 1  1 1 t ,v check: ; and 14a ,v l e i g h ;  p r ’  t I t ’n ;t
checks . ‘ru e former mea:;ure t in e shi ’g n ’ i ’t ’ t ,o w lsi chi t i n e  : ; t i l ’fnt ’::: ’- t ’u n i s ’t i ’n ; , : !‘, - t  w a r ;  ;‘;, ‘j , ’ ; :

ar t -  orthogonal , and the  latter n;Ii ’:L: ;ur’ &’ (Ins mu t t. Is or ’ max I trots;; !‘t ’t ‘ ; ;  I I u t i  I ’  u ; ; : ;x  1:11:1: ;

kinetic t’n;t’n’gy dur ing  L i i i ’ v i b r n i t -  i o n ;  ;‘y’l i ’ ci’ a n ;w ’- l , - (R’C. t ’~~ - i ’ l t t ’ ‘m t  ¶ : , ‘g~’r ; ; t  I i  t~
parameter:; should be c, ’n - c and t ine  I3ay le igl: 10 t h  1 ou t , :; s!nonU C I ’ , ’ in n ;  i I- ’, - I l ; ,

rc:;ui t,s amo l’i’ t ’s’ ’nt  , ‘ l  in Table IV .
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‘ . ‘ A I A I I-I I l l

- N A C I’DAl j  I I - I ; l 1 t i , I C  \ C  lI, ’I , , I II IAI’ I I I , ’ I, I- :i lIl’ I :’

Mode 1 — Axi nd — .01 895 — .0 I n ’  1’) — .0 10 , 0  — . 0 I 30
— ‘rn’~~s verse — .00178 — .00 80 - 000. ‘D — .0 ,  “) ( j

Mode 2 — Axi nd. .020 10 .00 I 4 i ’~’ — .010 30
— Tranisver~ie — - OCt et) —~ 0’ 114 -‘ a — .00 401 1 .00 0’s
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tire C,~1 
parameter was i’°~ i t  I ye , mid for LI;’’ sm ell it Wa ;; negat iVe - ‘I ’l:o ;;i ’ sign;
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frequencies and mode shapes of th ese structure:; . Tine modes 0! t i n e  or’ i ginal  ;; ( ru e —
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by tine more accurate p er turb at ionn cal cu,Iat io n ;  nn ;out i onred t ’ar ! io n ’  i n ;  t in ’  dt ’;a ’r i l ’ t  i - o n :
of t i re  C1IANGNAST program , and con;; i dt ’red fu rt , !ne n’ inn Appen dix



-“ I

- .01 / \ . ,07 - 07/ \~ 
.~~~~ .~~~7/ \ ,~~~

- .02 - 0 3  \
\ ,/

~ .02 ~
IS%

\ ,/
“ .01 ~01 

~
‘\ ,,/

f .003

4 _ 
_  __ _

I 
______ _

• 

/~~5\ ~~~/2\ /\ /1

/2~~T>\
\ /1

8~~\\ /02~N\/- .4b

F i j.~tun ’ t ’ ‘‘a New Fkl u; I g.m for the Fl at- Plate , I’ rt ’s en ; t e d  ;u ; ; a Ra t io  o I ’ tIne Change
in ‘1~ n I cknes s ( A ir  h i  ) fo n’ Each of tine i -I I , ‘ nn u ~’n : t : ;  ( ‘0 1 :unnp e~h I - lOg e :; t 1’, ‘p )



/
~1\/2~~~

\
/o1 T~~\/o3\

H 

/\/ \/\/\

Figure 5b New Desi~~ for the 145~ Arc of a Cylindrical Shell as a Ratio of
the Change in Thickness (Ah/h ) for Each of the Elements (Clamped
Edge at Top)

23

ii It.,,,IuII.rt;i ~:~ ;, ::=::. -.—- .- -‘- -‘ - ‘  .-, -.- — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r 

- - - - - - - - - 

~~~~~~~~~~~ 

-

~~

-

~~~~~~~~~

-— . - - - 

~~~~~~~~~~~~~~~~~~~~~~~~

‘I’ ,.\ I~! , I - ’ V

Fl NM. 1 4 1 l S - 11’I - S

Const raint Design Plate _Results Shell  Results
NASTRAN Pe:-tux’b . NA STRAN Pert::n’h.

Change in 1st Mode
Frequency , ~w1/~~1 

— . o14n — - 1)2’;’ — , 0 4 ,’ —~ 014: — .

Change in 2nd Mode
Frequency , ~w2/ w2 + .0’~1 + .07 1’ + ., 1(~

’ ;’ +.00l,

A~thn ixture C~’et
’t’icient Plate

1st Mode to .‘n;d Mode + , 125  + , 1~i2
C.”

Shell
— . t . ’S — .1 I .  — . 1 1 0

Admixture Ccet ’fic lent
3 i’d M at, ’ to Onnd Mode — . 0.’” — - 02 1 — . CO t’ — - 0, ”’  — , 0, ‘0

_ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _

Tine mode shape changes were qu i t e  sU cct ’;;:~ ni l 1y :-~‘under ett by t he nn ew ,ti ’ ;; l e n t .

However , t ine fn’equt ’ney cinanges inav e fa l len  sinon’t of ’ winat  was n’equi r ed. A l  .1 I lie

• i t i - ~~,’vei’ , ai’c in the di t~oc t I ‘n requ l :-o~l • r unil Cot ’ 1 I; I;; n’,’;u;;,’r: we n: ;;; ,’, i -x ; ’ ’- c t

I i ;at t h e  p mccc:;:; wo~~d ccr iven’ge up on a iii ’s I red den ; i gnu I C i t  Wi ’ ni ’ al l’ I it ’d i t , -; ’ ; ;I  I \‘ ,‘ 1\

‘14

- 
~~,
‘ - —

~~~~
‘-‘

~~~~~~~~ . ~‘ i :  _ ,  - -— “ ‘‘ — ‘ “  — £



_ _ _  ~~~~~~~~~~~ - -—_ ‘~~~~~~~~~~~~~ .‘ - --. ——  _ _ _ _

~‘:; \‘

- CON :: -2 :’- I i ’N2 ,INI’  i4i- ~ ’0MMENI’A l’ I ON ; :

r t i n t ’ I ’ n’eai ’n : t e’ ‘r : I :‘;rc t , i t  W U : ;  :;iuow ~ t h u n t  i t  i s  t’en t : ; ll ’ li ’ to 
~‘i -i’ ~

- i

I ::v ero e p t ’r t-un’l’at i on: ~li’n; i g.m met t ;od on ’ i gi  nna i lv dovelol’ed mt 2n u i t  od ‘ (-‘ch r io l  ~‘g i o n :
:~i’sca:’ i’;: i’,’ni l or Ri ’I ’:: . 14 am id “ )  , di n ’ect Iy  t o  t to output 01’ a Cm ii  I e el enm ’n ;t  ‘, ‘m ;—
I -u t  ~‘r ; i : : ; t 1~ ; : i s  ci ’ ~ ;; t :‘;:i’tat’e . ‘ i : ;u z : , t m i  :; new ’ struct ural do:: 1 gm: t o o l  , ni t  t’i r at
1 i m i t  t’d I 0 a v~’ :‘v a t r ip le  gecn :rt ’ I my wln ’ n i ’ 1’ , - :; , ‘u s ;o I’ hnnLm’ : tct  en ’ l o t  len ;  coul d ia ::;:f ~’ —

~
‘ I o n t t  11 cha i r ; ; , ’ t t ’n ’i ;,‘,I n, it : ; ‘u I  t i n e  ni ’ I p ci ’ a N A O i ’ R A N  I y p t ’ ~‘o n :n I’ ; :I n i t  i o n :  • l ; ; n :~ t h e
po t i -n: I l u l l  for  api ’  1 1 on ; ’, I cmi t o  I i :e u :;,’n 12, ’;:;,: t i t ’;; I 1 y i’i’r:I ’ I t ’  x at  :—u ~’ t t ime cI ’ I ’,’ m c -‘stu ;S- I t ’
a t -un ’l ’ i m c  1’ ladt ’ . , T h e  t w ; ~; t and i’;ust ’e r ci ’ ouc h: a t  rut’ t lire:: c n’i ’nt t  c :nn ;; ;  1 y I I cnn I
d i C C I  ‘ I I es mt - -lu i m ’i m g .  I u ; i ~ usc ci ’ t’i mu i t  i,~ ci en;nemnt ;;u;;u 1 y S i  s t o  cal cu l  u n t o  I hi ’ i n ’  v I t ’i’;n —

ion: :‘;o,jt’z; o tin’ u;i ’ci ’osan~v ntt ’cur ntcv - 
\ ,‘\; di’::cr i bed i n n  t I ; i ’ I’ n’  cv i , ‘u ;~ sect i o n : , t I ; i ’

i n i t i a l  0101- i n :  t i n  is iii i’eot I or : h i : ; ; :  bt ’en ; taken;  w i t h ;  I 2,’ i’edt ’s 1 gm : of :; she l l  nO ;~~t - , ’,1
can t i i  even’ 1-can. I nn  addi t ion: , t ine n :;, ’, ho~Io I ‘~~~~ wa , ; u n l : ; o  ;t i’j ’ l ted t o  t i n t ’ ri ’,lt ’ n ; 1g.::
o C a I’1 at cu tnnt i lever’ m’ ‘.a t c for’  i’i’n ::l’:tn ’ I :; i ’m ;  w i t  i t  pn ’i ’t’ I cus work • ~1i’s~’r l t -cd i n :  I

x t o  I ni ’ pr t ’-.: - n ; t  n’ ept’m’t , w ln i c i i  on:  ly  n’e tlu i  red V il’i’a t I cnn dint ;; cb t -un I nod h~’ l o —
gnai~’h n i c ; i l  1, -

nt ’ri ’ 10 , of ’ cotnrat ’ • ; n h d  i L l  onnn.i dcvi ’ i o l ’ nn u on nt  ri ’qu : red u in n d • c~’m: si ’~~ut - n ;  1, 1 , it I a
rt ’ comnu :a’udi ’ ,l t-inat t in ’  work be ox t cnn ded 1 o penn : i t  ma’ Ci nn i ’n: ;i ’ n i t  of ’ f h ;t anna l ,v t i cal
approach:  , I ogi’ t icr  w I t in  ox i’ i ’ ml  ;n :cm n I a  I I mnvc I I got. ion ::: cc n :c t’:-mn cd w i t i n  t i ; t ’ fn ’i’r I out  I cnn
and t i ’s t 01’ a r elies i good at  rue t uro . Fun ’t-iner , ;n I t  omi t  i on: nnee do I c be devoted t o  I ho

I mi,’ Ituc I on or ’ adiui t, ionnnt,I • pcrnn i a sub  le  pi:,vs I end des i gin emn anges at  i ;i ’r t i n an : t h e  si mn gle
i’zt n ’ :u:;i ’ I i ’m ci’ t in i ck nn t ’aa , t a win i cii I h u e  t - cc lmmn I ~pui ’ hu n: ;  been mo:~ t n - i t ’ t od I a dat e .

Inn  a unnunnan’y con t i mille d ~~ Vi’ I i’I’m ;:t ’m ; 1 o 1’ t ine I m n v e roe i’ i ’ r t  iu rbn t t  Icr :  ilt ’: 1gm ; ~‘roci ’du;’c
WL’U ii Si ’ t t i it’ s t age t o  n’: ;n~~ m’o Ct’s i g.m t r i g  actual t u n ’  inne blades 1’ ‘ can’ m’y i mg cut
I t ex’at ive di’:: ign ; pr’oeedun’~’n: w i  t i n c u t  t i n t ’ nn ecd n’on’ fni ’ricntinng i n !  t’rnnni’di nit i ’ i’ rc t 0—
ty~ t’n; ; ~

‘ i n:tn’oduc i rig inc I i ’g .mnipi:  Ic  dat -in i n i t - i ’ TIAST13AN an al y ’.:e:: t o  I na l’mav o t’o nn ;i ’u I or
modeling. ci’ turbimie l’lntdcs m i t  o t h e r ’  : :t -r t t c t  Um’en : amnd d ’h i in ~ m u g .  h: ~’1 ogn’a~’i ;i c dnn t :;
it self , rat h er than NAS’L’RAN cut-put-  , Ccr ’ tine I riven-se pert-unl’ntt i cmi deal  go ci ’ at  r iu ~’ I i i  n a ’ ; . 

- , .~~ -~~~-- ~~~~~_i
_____’: 

,,~~~~~~~~~~~~~~~~~~~~
--- -- - - 

.
-

- 
- -- -— -_, j ~~



“~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

APPEI~~IX

R~~ ESIGNIIIG STRUCTURAL VIBRATION MODES BY INV ERSE
PERTURBATION , SUBJECT TO MINIMAL CHANGE THEORY*

Abstract

If first-order perturbation theory for the vibration modes of a structure is to
be inverted so as to design a new structure having desired changes in vibration
modes , it is essential to keep the structural changes as small as possible . This
not only helps keep the changes within the approximation of first-order perturbation
analysis , but also avoids ill—conditioning of the simultaneous equations that must
be solved for a new design, Calculus of variations may be used to f ind the minimal
changes , and specifies a unique set of functions , derived from pairs of vibration
modes, that are optimal for expressing the structural changes needed to accomplish
a given set of changes in vibration modes, This theory is put into practice for a
cantilever plate , for which vibration—mode data is obtained by holographic vibrat ion
analysis.

Introduction - -

Two previous papers (Refs . 14 and 5) have outlined both a general first-order
perturbation theory for the vibration modes of a structure and the inversion of that
theory for the purpose of structural redesign , Specifically , the f irst  answered
the question : How will a suniall change to a ztructur e , whose vi bration modes are
known , affect those vibration modes? The second answered the question : How should
a structure, whose vibration modes are known, be modified to alter certain modes?
The use of first—order perturbation theory to answer the first question may not
be pract ical because finite—element computer analyses can often provide such answers
more accurately. This is because first—order approximations often become more
error prone in vibration theory than modeling approximations by f ini te  elements.
With the second question , however , perturbation methods may have an advantage if
a considerable number of simultaneous changes to vibration modes are required.
This is because the computation time required for finite—element analyses can make
hunt—an d—try methods impractical. Still, dependence upon first—order variational
theory of vibration modes can make an inverse—perturbation design procedure quite
inaccurate unless the structural changes are kept small. A method is needed ,
therefore, to find the smallest physical change t-o a structure that will alter
its vibration modes in the desired manner.

* This appendix was authored by K, A. Stetson, I, R. I arrison and G. E, Falma .
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The next section of this appendix present s an application of the calculus of
variations to the problem of finding the minimum structural change necessary to
achieve a desired set of changes in the vibration modes . The remainder of the appen-
dix deals with the application of this theory to the redesign of a cantilever
plate , based upon data acquire d by holographic vibration analysis. The design
parameter permitted to vary was the thickness of the plate , although , in principle ,
the length and breadth of the plate could be used as design variables also. This H

application require d the development of both : -1) the necessary computer program
to perform the inverse perturbation design routine ; and 2) a program to analyze
holographic interferograms of vibration modes so as to obtain accurate second
derivatives of the normal mode functions. These latter were required to model the
changes in bending strain due to changes in plate thickness. In the end , new
designs were actually generated and built as cantileve r plates of nonun if orm thick-
ness. These new plates were then analyzed to compare the actual changes in normal
vibration modes with the changes prescribed.

Theory

Minimization of Inverse Perturbation

The perturbation theory , as presented in Ref .  14 can be summarized as follows .
Let us assume that a small , di stributed change , f ( x ) ,  is made to a structure .
For every pair of vibration modes of the structure , ‘~‘n (x) and ~k (x ) ,  there exists
a function , Onk (X )

~ 
which describes the effect the change will have on these modes

by the integral

= (L
0 (x) f(x) dx.

nk ,,, nk 
~~~0

The variable x is taken to represent one , two or three dimensions depending upon
the nature of the structure , and L and 0 denote its boundaries. The parameter ,

~nk’ 
describes change in either the square of the natural frequency if’ n k , or

adniixture between modes if n~k, i.e.,

Ann 
= and Ank Cnk(w~~wk)/wnwk, ( 2A)

where and 
~k are the natural frequencies (in radians ) of the nth and kth modes ,

and Cflk is the admixtur e coefficient that describes the amount of the 
~k 

mnodeshape
that the mode subsumes as a result of the structural change . The mode admixutre
is described by

28
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~~(x)  = ~~(x )  + ~~ Cnk~k(x)

~ :,~‘n’c 
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‘ ‘.

:- : :u\ tt ’ i :; n ’ , ’ - : .n ~’c, i i n : t  : - 1.A l 
~~~ I : : , - t ’~’is. ;  I -s.a- a t ’ ‘,:;:d~’ : - n : - : i  nc~i n’s: : e ta -  -

as use the I ndt ’ x C- sn ’ ~- : : i ’ ’.- .adc n - a i t ’  n :i~ , and cx ;-; ’ , - a I he a. - ; : . n’: i :: a I: - ::, ‘ C. ‘ 

0 = 
f L 

- o~(x) f (x ) ]dx 
~“ ¼~

hot us asauinie t h a t -  we have spec i f l ed  a sot ~ f 1’ a a n at  ma I t n t  s as cur Can ; I
of’ t he a t  ru e t-u n.e . C i.nce each ci’ t he i’ 1-Iqo . ~~~ equals so n’a , we n::ay n ::u i t  : ~‘ I on ; C :
Lv an; arbi trarv 1’ai,’t cr  , ,‘\~~ , and add it - t o  i-a . ( ~ -~ I w i t  ts. ’ ; :n ~‘1:n ;:n ;’ I nu’ I 1s.s v a n ’

at’ t in e funct ic:nai - TI i i  a g iv e s

~ { f 2 (x)  + 2~A~[~~/ L - o~(x)f(x)J) dx = 0.

- — -

- -
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i n n s - c  t i s . -  V a n ’  La t l e t :; ;I  ‘ - l u n : t  i on  is  in t l i t’ fon’nn:

~ fL~~~{f(x) xl dx = 0,

we are led to the Lu ien ’  equation

~ 0. (T A )

Th in : leads t o  t i n t ’ ;ne i i : t io n  for t i n e  desired ~~~;ction , f ( x ) ,

p
f(x) = EX~ o~(x). (8~~)

h’ho perturbation funct ions take on an in teres t ing  role  in th i s  problem in that they
not  only may be used to determine the e f f ec t s  of any structural changes , tI :ey them—
selves Cs- n - n:: a act  at ’ a;- t i r:n ’l ñun~’ t. i anna  0en ’ n ’arn ’;;il at  I n: - ’ ,‘lla nnCc:n  I a t h e  at  n ’u at t ire —

To ~Io ~‘rm i ni t ’ t h e  cooffi c l o u t  a on ’ tine :~o n lea in 1-I~1 - (B A ) , t ho \ ‘ s , au b a t  It  ut -c
I’oi’ f(x) inn i :q . ( 1/Cl .

P fL
= ~ 0 o~(x) Oq (X) dx .  C)A )

. n n o m o  arc P suc h equations cacti 01’ whic h has F unknown I ‘a , for  w h i c h  we may salve
hay thit ’ matrix equation

(x ) = (a), (b A)

where the elements of ‘~~, which may be called the perturba t ion  matrix , are

‘
~pq 

= fL O~(x) Oq(X) 
dx , (h A )

(Parentheses denote vectors or single column matrices and : ;qtu ;nn -e h r acke t~s r n at r i ce aj
The final structural change may he expressed hay
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_ _

f (x )  (A ) T [~~] 1  ( o ( x ) ) .

1 :’ t i n e ’ : e n ’ t  u ; ’ I - : t t  i s - n :  :‘:n:s. ’t  I an :s :tn ’ t - nde ; ’ r ’nd , - n:t .  s-v~ a I Is.’ : ~- , u , , i : L n ’ i t ’a 01’ itit ’ - ‘ n ’act

it as.:. is.- .;:,aw:: (ih-: ’. 3) i s a :  t h i n..: : : m l  x ‘, - : . ~ - n ’ : t a:i ~~~ II: - ( I I A  : : . : 1- , ‘ ::- - n .  I n: :::i n: ’ .

• t,:s.- ~‘ n ’ t u n ’ i - n t ~ i a n :  Cannot i a:is a;’~’ i ;:dt -~ - t- n i ~it - n t  t a t -n : I ::a:no: . I i ’ ”. are n . a t
- n : , ’,~~ :. ,  I . :}, i s  I a t n-: :c t’vc;: I C  ~‘~~‘:‘ . :  - I t - n a - ; ;  t a n ” , - : : I r a  o n ’ -

~~
- n’:  an’: n i t  i s - n :  C.::. ‘1  - -

O - . :u,  I C. , : t ; ’~~
- I n n a  1 :sj t - - j  , : ,‘ a ; n . a  i n s.-:;t - ; ‘;:: i~~’ t i a n n a  i t s . -  :., - t  : :‘~~- :  a:’’ - : ; n : .  . ,an n : -Sr. K ;. - -  -

::,a, ; . - , ’n’ : -un’ , - a ;  I n ’ :’:a a .  , : n s . s -  ::n’ ~ n s a  j~- . :1’  S; s.~-, ‘5 ’ I a ~~n ’ I ~~ ; ’n n i t  i o n ,  n - na:  a - x I
ha - : n o d  .~a I~ ’ 1 :, ‘, n : . - : . s n ; n : - - ; ’  a : ’ as -::. t r a I n .  I. a s -n ’  is. ,io: i tt ; :  a n  . n u n C t  . , n ’ :.. , ‘~~

- : , an a
:,eI. ~~ . 1 5 -~~ . : -n’ s ’ 

~; - - c :’~-~-: on t r t - t -d ~- n :. c ’~ at - - t n ’ ,. ’ .i n’ ~ . h i  ~~~~~~~~~ n t  a L I ’ - : : : t - : : : : :

- , - o n’ :  ~,;‘ . a I s -n ;  an :‘ x -
~ ii :10 n e ~ a n ’, - a n ’ s. -

i-a: ’:: .. :1 : t t  i n : C ~~~~~~~
- 

I n’ -: - i , - ; , , : i:~ n I - avo  , a l  La, . s-no :‘n: n ’ : i ; t - ’.’ L i i  C 1-t  i n . :  s- t :n t ’ :‘o~’ - - ~;

o :‘ - - nsa’ a n’::~ n’ - L a  I an: - T in ; - ;  ni I - ca. 1:~ o s n ov t ::; is. - ni l -ao l  n : t  o n::i n :i : ;~ n n - : n a - ~ -I —

::., - : n n : — s ; : i : :n ’ ’ e: . :i n:s -o I - - t n ;  a ‘ua t  Ut’ t ’ flt e,ic,j t a a~’~’~’:sl I ;5, t ;US5’ , a t , d  n a-dos  at ;  i n n

Mm {f f2 (x ) dx 1 112 = { (~~)
T
[~~]~~l ( \ ) } 1/2 

~

L i .  ,:i\,. - a :- , - :,. s:’c a: ’ t i ne :i :‘ :‘I ~ ’ a I  t ’ - I ; : v - l v e d  I ;: : - : : , i s i : :t :1:. ’. 5;~~~~ a~~aj a a i : .
t i ,c ~ ln-: ’a~ I a n ,  :~~-d-: ~ - , - : ‘ a a’, n’s,’: , n s . -  , It i , I 1  1 n a t  • i : , ’\~a v , :’ , I n : , i i , ’at  a n: :: , . - a a ~’ :‘I c
V n o  I : t  ii o;:. n a n ’ : .

~
, a . or ;  r a n . I n : , .;U t ’ I . as nt - nt::  I I V t  s i s .t o I I :  I ~‘ios.-

1’ ;’ -

- - n’ a: - 1 a a ’ n’ - :  1 ~‘ m l  a ’ a , -. I - a: - - :, i a :  n a - a s  we :a::\ \ a ma , Va :-a ~. as a - C.
-s S I I.e 1 :10 C s - , ,  a., I n a: cx:  a - - a I a:: :‘a n ’ i s . -  , ‘i : : ,.naS - r a n  a, , - I a n ’ ,

~nk = (,,
fl~kMk) 1ffE (~~)

T
~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 

dxdy . ~I .A

• I-I - ,n t . s . - :..a a::’, ::,n: , : S a C I n o k t i n  n sadc , Cs: ’ i n od ~~\

M k = f p h~~ dxdy ,

- ~‘rc j . n t n t - v~ -h ~~- o ~h~- n : .  i t , - a :’ I :ic : : : n n t  - ; ‘  a l , and  hi h- : it ’ : 1 m b  1 :1 ,~:\: :a.  a .  -

- t, I 1:A ) , .1:: in. n m a  a : : :  a, ., - i i ;  1 -1 : 11 - I : .a~n: ~’ - - a : : n a: 
~

‘, a ,i. - :‘ : n - : 

—-~~ -—-~~~~~- - — - - ~~~~~~~
- —--

~~~~
- -

~~~~~~~~~~~~~
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~ ~~“ ) ‘ 
(16A )

\,.xYJ

where superscripts denote partial differentiation with respect to the superscript
variables , and ~ is defined hay

l v O
G = v 1 0 Eh 3/12( 1—v 2), (1’TA )

0 0 2 (1-v)

,,
whore E is Young ’s modulus and v is Poisson ’s ration . 

~~~~ 
denotes the transpose

or the  column ma t r ix , formed for the kth mode , as defined in Eq. (16A). The per—
c, ’r : tn t g t ’ cln ~u:ge i n n  frequency of’ a mode and the admixtur e coef ficie n ts between modes
nia\- be calculated from the change parameters by

= (1+ A~~)
1”2 _ 1 , and (18A )

Cflk 
= 
~nkW n1

~k ~~~~~ ‘ (19A )

To put Eq. (l~ A) into t i n t ’  form of Eq. (lA), we mus t obtain Am /h (tine percentage
c i n n u i g o  in  thiiokn:ca~; ) as a conh nn ion i fac ton ’ of both ten:in; i i i  the i n:tegn’und. This can
be done by taking the fi n’:: t—ord ci - approximation

((1 +Ah/h) 3 -1) 3~h/h . (COA )

From t h i s , the per turbat ion func t ion  becomes

0nk wkMk [3(~~)
TG ~~~~ ph

~fl~k]. (21A)

This in the funct ion that may be used in Eqs .  (h A)  and (12A ) w i t h  Au /h replacing
f ( x ) .

3;,
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Tb, ’ l i s t ’ at ’ nq’pr -ox in a n it , ion  ( ,~~A ) yields a t h e n :  i gn i  Procedure t . h i n n t  na n :k t ’ s  d e s i g n :
a h: an :gi  ‘a t I n ;  I a~’ aura t e ly  model ehan :go :~ ~~vi n n:a:~ a , but only nIpp n ’ox I inst i ‘ I y n :notlt - I a
in; :; t. i t ’t’n ; e nm a . 

- 
A I ten’n;at I vt’ly , we cou]. •1 choo;:c linen; r change :; in : th o culs.’ a C t i n i a It —

n: ‘m a ; • .\ (I:~~) / h ~, as our structun’al change , c ( x)  , and per form h a -  nt j ’pr cx  i n:: :; t i en: i n:
:n, ’oc n aj term at’ the integn’and of Eq. (lli A ) Th i n ;  lead:; to a ~- cn ’t  un ’l- : ;t  i o n :  C a n n o t  n t - n :

I had is :n imply I / I~ tine value of that in Eq. (21A ) . Thus , we may can : :n i  den ’ en  tlit’r - - I ’
t v . ’ I’om ;m ; i i-i lit ie: t’’n’ I bs.~ redesign: of ax; I sot ;‘op i c p i at ~ ’ ha;;sod on: t’xact ‘ln n n n :g ’n: in;
::s:. -s , ( A l :  ; 1 , cnn ‘ntn ;a I • ‘ h r m n n g i -a I n ;  ::t t ’fn: , ’ ; ; : n  , A l ; , 1;) - T in ’ t w o  an’ - m c i  n i t  a t i  hay

(A h/ h)
~ 

= (1 + 3(Ah/h) m)
113 

-

I ~ha’nU ly , i t  v a n :  1.1 l’~- ,le:; i rable to mak e den; I t~n : t ’h:nn nng i ’:: I h : n ; t  we re n: ;o dt - l  ad ‘x n a l  ly in:
h -e l  hi nn: asn: and a t  i n’t’n : t - ; ; ; ; _ At t e m p t i ng  t o  do t i n  i n ;  I t’n:da to an: 1-luler t’~l ;n n lt I on: I-hi n t

•‘a’nn:ot it ’ :no 1 vt -C nn ;ean ; I nj: 1’:nI I v  i n; t i : t ’ a inn iple fo nn of’ I- ’.i . (11 ,1 ) . N en : t ’ t  lie It ’:;:: , on ;~’i - a
- 

- ,jt ’;: i gu hi:;; ; it con i  el -tn: I nod , 1-I q. (1 hA) can be used to gora’n’;;I c a nnicre t’xact e a t  i n ::: ; t 0
e ’~ t a - 

~‘ni 1 lie:: ci ’ ‘1nik t o  hat ’ axpi

Exper 1 rn:t’nnta] Appl ie;;t- ion :

; - : : i ’t’ ;i I Con ;; ;  i domn ;t . i O i l ; :

In ,‘iI , s . ’~ I n ; t I  an: i’xj- t’ n .i nn;enit:il app I i~’ n i t  i a n ;  of ’  t I:e pn’oj’o:nod des igni t ccliii: qut’ , vt

I •lt’ n ’ ,- ,I th ;t~ I’d l owi rig : There w;:a con ;:; I •lt ’n’ ;ii- Ic I uteri—s t in ; a n:;oI hod I I;n ;t couI
f ’un ;ct ion; w i l l : i ’xpn ’r I nn ;ent al 1 y dt ’t ermi vied dat a, :;pec I I’ i cal ly , 1:o 1 og:’;ipl: I caiiy oh- t a i nital

i n n  I n : .  I h o n a -  Wa:: I n i t t - i ’ -- . ; h  in n  n i t  n ’uct  art’ :;  t I : : :  t n ’ t ’aern ;haIU ’d t .urha i r i o hal adi ’s ; i:ewi ’v,’n’ ,
i n ::~- I  h e  I ty  , we p n ’;- t ’i ’t’ n ’ t -  d to won —k w i t h :  a ~‘1 n i t i ’ at r ’uct -w’e - Thn i :~ I t ’d to t i n t ’  oh’s-i ci ’ ‘ n ’

a • ‘ : : t i  I I I • ‘ v ’  r p l a t e  . li~ I 0111’s i ’m Ic vi  h-n ’ :; I ion :;n ;:; I y a I :;  w ould  prcv id e C i a p i  n ; i ’t -nt ’n: t dn ; t a
fan’ I ii ’ vi t - n ’ ; :t i on ;  n: :e,Ii ’m: WI: I oh woul d :‘t ’ql ni  is.’ numeri ‘‘ni l  n ’n a ’ o , -: ; :~ j ug I a’ cl -h at  vi aaa~’::d

I v at  i vi ’ : :  — I-I; ’;’o;’ :r i n ;  d i  :;p in :ccmor ;t .  data gor ier — nj  .I ,v l ead t o  ::t ’vt ’n’o t ’n ’n’o n’ :r i i i  •‘on’h-i :—
I i o n ;  01’ ::t ’ron : ,l  I’ :: ml m u  d e r i v n t t -  i ye: ; . t~i net ’ • ‘:;n’ sci’cn ;,I p n ;n ’ t  i n ;  I dt ’;’i ~‘;i t i \‘~~- C w n • ’t  j o ;:;

wo n ’ t ’ t .o be I n i t - e~’;’at .t ’~I , t o  fo rm a per t  m n - n i t  ion  m a t r i x , on’ t o  nnodi ’l  d i n t  r ’ I bu t od
• ‘hango: : i n n  t,he t .h ; i  • ‘kni ’:; :: of the ph ni t - i ’, I l it ’  av e  n’;:go v;U ut ’ e t ’ I l i t ’ ::econid part in: I a av ‘ - n ’

at ’ th:i ~ p 1 at-i ’ would  hat ’ nn;ore importan t t l i ar ;  l i i i ’ i n  peak val m u ’ s ,  (I’i:e i n t l  on ’
:11” ’ n : :ens. ’ I n::po rt an t .  far ’  ; ‘n’ t ’d I at ion  of f a i l  lire due to :: n ’ t - ; ;a  - ) i’h i a I - •i I a’ t h e I h -n :
ci 1’ C l v i  d i  r ig t lie p1 at-i ’ i n ;  I a’ n ; , ’ e t i  on ;s • I’ i t - I i r ig t h : i ~ dat  :; w i l l ;  in each; :a’,’t i o n :  I a’ a l i  —

ia - h ‘ n u t  i c  furs ’ I ion :  hay 1 enn.n ~ I —aq ua n ’ t ’ —t ’mn ’c ’n ’ t h eory , arid di  t ’t’i -n ’ t ’n :  1 n i l  i n ; 1 -: l b  i a f ’un:~’ I I en ;
o ol’t a i r ;  I n ; ’ n ; v i ’n’se ’- v;n.i UO 01’ l i i i ’ r t ’;’omnl  ,h ’n’ i ~‘;; t i v t ’ , F u rl  h en ’n: a ’n ’ t ’ , t m : i ’ m i ’ v - i n 1, 1 1-c
i n:: I l a m  i t  i i ’ s  la v - i ’:: I lii: : ~ PP n’OfiO hr ~ t i t h I he ~ pp n’on ;ei i w - m,’;umn id I a t i  - • - I a Ri ’  1 1 ’ iso

vi  I -n ’: ; I I ~ n : nn, tIt - :; t’t~n n I - ; :  I i’d I v  I ’ i n ; i t i ’ ~— 1 cn ;nen ;I n u n ; ; ;  I v  m a ’: ;  n m :  t”Ui’ I

- -  -~~~~~~~~~~~~~~~~~~~~~~ - — - ‘ --- - -- -- - - - -



MODES Program

A conniputer program , named MODES, was w r i t  t on i  to obta in ;  I : i - ; ; t - a  ora l  j art i a1
derivatives of the nnn o den ; of a plate. The program accept’s dntt :i , in n t a t -  t’~’n ’ n: on ’ x
and y coordinate:: and a fr inge niumb er , from photograph;:; of h olograph ic n ’ ;’t ’o n n : ;  I n’ :n , ’ I I a; - -

of tine nn:odc functions. It then fits thi s mode data for least—squxu’e ~-mman’ to a
qua dratic function of two coordinates.

Because the second partial den’ivatives ;:re required for the computation; of’ ti: ,

per tu rba t ion  func tions , time rn;ode shape must f i t , to lowest o;’dt-r, a q u a d r a t ic  C:n n :~’ —
Lion in two dimensions . A b i—quadr at ic , ra ther  th an a bi— cubic fit , i n ;  un: ed in :

order to ‘s impl i f y  the subsequent  calculation;: , and to minimi se th;e daint em -on - . A
cubic fit would follow the data errors more el o;o .1 y be cn i u ;ne  of i t a addtal :it ’gn ’ t~~-a
of freedom . i’Iie bi—quadratic function: used may be c’xi-n’cssed a:;

= Ax 2 + By2 + Cxy + Dx + Ey + F, (: ‘~ A)

where ~ is tI ne mode value at any point x , y arid 2A inn t h e st-c oniC partial d;’nivat IV’s
with; respect fo x , ~~~~~~~~ 2B in ; th e second partial derivative with ; i’espoet i-a ,
and C is the cross partial dorivativt’, ~~~~~~~~ D and E are ti:~ :tve;’agt - fin’ :;t~ p:u’tial

deri vatives with:  re:;pect to x and y ,  respectivoly , and 1” is t int ’  average value ova;’
l in t ’ section .

We are approximating a mode fuflct ion of a structure wh ich hiann conn tiniuoun; and
smooth; first and secon d, partial derivatives . Whereas the vibration ampli tude
represented by a fringe is exact, there is error encountered in: locating t h e  centor
of a fringe . In order to m i n i m i z e  th e effect of thin; error , we must average dV t ’ i ’

the data. In th is  process , tI n e fewer tIne degrees of freedom , tine snore t i n t ’  error

effect is minimized , which : is why the data is fit to a hal—quadratic, wh ich hats con:—

stan t second partial derivatives . Because tIne fit to tine vibrat i on dat;i yields
constant second partial derivatives over tine ai’ea considered , it is neccs: :an -y

• to analyze the structure in sect ions , which gives an avc-t’age f i t  for each: section
of the mode. The constraint that the total function be continuous between sections
could be added, and a solution obtained; however, doing this m ake:; the connputation
more complex since the fits for all sections must be solved sinn:ultaneously i”or
simplicity , data from each section of the al-mis- I :nn’ i ’ was fi t- i n dep en den t ly , and
continuity sacrificed . To get a good approximation to the mode function without
the continuous and smooth: boundary constraints between sections , many section::
should he used. We m ust strike a balance , however , between getting a good , smooth
overall fit to the mode , and getting enoug h data per section to minimize data
error. Th is was done empirically by recording hiolograpms with  high fringe den—
sitien and dividing the structure so that at least t’iftv dad:: n’o n n i l:: could ito

taken pci ::cction
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A i ’t i n ’  the ~i a t  :; r n ’ ’ ; :  , - : ; , ‘ ; ;  a - a t  i o n :  at ’ I n : -  — 1  : ‘ ;i t ’i:t me i nn: - I to ;: ~‘I  I to mu I I _ I l i : : l ; ’ : ; t  h a
ion; • a t ’onn;I nit i ’r’ m m t t - n - :n n ’t - j

~~ : ii’ 1:: I ’o n ’n:: , - h  t a n’ ‘ n i H: n :noth ’ , is-it - in t in e c o - t ’t ’ i ~‘i 
,‘n ; t

at ’ I hat - i - : :  ‘1 i ;~::I :1:’ ;::~ ‘~h, - I m a n  : ‘ :‘ - ;‘i’n n t , - ; ‘  a, -o n’ , h i ;::: I t : ;  1’- - : ’  - : n ’ h , at it -n : - - I ’ - a - S t  mi n t ’ —

t - m n - - a I on ’e~I i i  I i : : ;  l ’ i l o .

in; : m , ’t  i n : ;  I n:. - - , t tnt ’ I -n’ a’n ’s’:u:: is:::; :‘un ; ‘~n; a t , in n e—: ;b : :n : -  I r i g  t ’t ’ ; : ; ç - i ; t  t m  I ~ - : ‘ : ‘ . : n : : :  I :m,h :;

::neCt - t ’ I I o nn: u :ni - m a i l ‘n’ I ;ia, - — a ’  n ab - ; .  t v n t  - is i ’m;’ al ‘at ’ ::. an ’  onto m t - a t  i o n :  , i : :  I ;t i s : :; :

- - n : t  i - n t - s i :1:: an :  X — \  I’ ’’ I t  i t ’n :  ::n i t’n ’ i n : g;’ n ; uns t— ; ’m — A ‘, ‘o n ’d l i m i t ; ’ : 1 : 1  f t  i s :; : ;  isn ids ’ t n :  ‘ ‘::~‘b ;
m t - I  - - I ’ , j ; t  :i pain; ;:: , ;‘t’I :tI i v i ’ t o  I l i t ’ ct - ni t t :  of l i n e  s t a t i o n : .  1~~ ah ;  ,h : : I  a I - t ’ i n ; n  , arid

i t s  ,‘,‘n ’n’ i - . - I o ni C nug t’n :  ns ’,- —~’nah , - n ’ V : :  lO t - ’ , w ; ’ n ’~’ used t~ ;‘un:q ’i  It ’ s:at n’i x s ’oot ’I ’ I c i t -nit ::,

hut’ a’ ’;: t n i t - u t  ion ; : ;  t o  is!: j o h n is- i -m o  1 I na -m m ’ 1\ add i t I t t ’ t ’o r t - :uah t i n :  I a pa i n: h 
: : d h i n : 1 1 t hu I t - ; ’ ; : :  l ’o;’ 1 1 :11 ~o m n ; t  m i t t - l it’ mm ;; n i x , t ’;it ’t: t h a t: ; 1-01 :11 1:; th j m ; o;;n ’ th , - :h m a
1 Re ::i ’X t .  pa i nut - L: : ;‘;‘::~i - ~h ; i -  ::i ;:l mix :;nai t i n e  t a c t  on ’ , f;’n-r:;ed an;:! aol Vt tl ¶ ‘t a ’  i - ’ u t ’ h :

. - a t  i t ’:: ; :n” ’

A Ex~ ~~~~ EX~Y~ E X ~ ~~~~~ EX ~

2 2  4 3 2 3 2 2B ~ ~~~ ~~ ~ x~y~ ix ~y~ ~~

C I:x ~y~ ~: x~y~ ~: x~y~ ~~~~ ~ ~~~ Ex ~Y~

D Ex ~ Ex ~y~ ~~~~ ~~~ ~~~~ ~~~

E Ex ~y~ ~~ ~~~~ ~x~y ,1 ~~ ~~

F Ex ~ Ey ~ Ex ~Y~ ~~ ~~ N

is hat ’ n ’’ tI :~’ i i  - 1 1 , -n’ :: A I t :  n” :ng t I n ’ ; ; n ’ , ’ ota - 1 ’ 1’ Ic I en; 1: : at’ t hai’ t’i ti.cd ~-ol y r i o;:; i a 1 in ; i- ’~j - I A
anal n i n e  h - i : ; ’  t ’t i e i ’ t l  n ant i ’.: on ’ t h i s ’ ~ia tnu po i n it n a t ’ li ne fringe wh oa ’ t — n ’ ,i;- n’ 1-~,’n;;’n’ at t ’:~-

ham ’ value :
~n ; , amid ~ in: t i:( ’ I e l - n i l  n ;mu n nl- er  at ’ Ca l - a ‘e I n : t - : ;  - A ft ,- n ’ stit ’ t’i a i t -nit t i m :  1:;

b: :u:; ia’,’ni t’n ;t en ’i’ih fox’ m u ,- s.’n ’l lot : , I lie :n:;, ’m - tv; ’t’:: ENIn , w i:i ~‘h ::ign n tl :: h - bit ’ ~‘onnn put  t n ’  t o

::;‘ 1 Vt ’ for th u c~’;’t ’l ’ i a i i - nit;: A I hm t a ;igti P t I ’ . Thnl :m pn’oce:;a I:: n’;’j’t -;:t t’d t’on each;
:;, ‘ t I i o n ;  of I. ha ’ at n’u ’ I, nrc , ;n n n , h n i l  1 ::i ‘0 I loins nu n ’ ;’ i rum I utjt’d in ti;e iliad;’ I’ ll I’I Ic -

the b n’o;~ ’axn;

‘‘nin e ~I;l Iha pn ’;ut n’:u:: is:::; t c ted n ’s - n’ I I - : :  a( ’t ’nn:’ ;Lc ,v i n n  ‘al:’:’ St i i ~~’, :~~~’ aen ;d  C, - : ’  I vs I i vs .:

m m i i  i t : :  ; ;t ’n ;:: i t  l v i  I t o  ~1at ;u i ’n-t’or i-v t mis i n ng  thn ; I;: t’ronn; a knou,’nn ; n iosh , ’ fun nel i a ’ii i s - n i  ci ;

is:;. : r i o t  at ’  qmnnt ~lrat- i c fan-rn . 1! ii ’ d a t a  wan ; go ru e  n’mt t-eJ niwnnen ’ i cml ly t’nt n n  nu n; ann I ,v t i t ’:; I

func  I it -n: , :;n;t h I n o : ; , -  value:; were  :n::t’:l ii; t ue mode (‘it t I ng p n’~ ‘gn’:mn;n . I’hen: nn ; r i d 5  -nn

~‘mr ~’r w :u ,- ; ,’ n , i , h ’ ,i t - ;~ t i n ’  ~h n t  a :nn;;l I Inc :;enn;: it l v i  t-y to t ha’ m ’n ’m , ix ’ is’s :: s l i t  i ’m n : i i  ; ; - ~h
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‘ l ’ t n ~’ thn t . ’a ret i ca l  : : o l t i t -  i s , ’!: fan- mm pl~ ti ’ , Iii nng t ’d n it  all , t i ~,;’:; , wits i i m ; s ’C fon’  t I n ; : :
t e s t .  ‘:1:0 tw o  v i  I- ;’ n ; t  i o n ;  n : :os ,It ’:: is;’ I’ i ’

= s in(x)  sin(y) , and

sin(x) sin(2 y) -

Con itour plot- s at’ these mo des art’ :;h ;own i n ;  1” i i ’ . lit, il :o f i r s t  t lumnd: ’ m n : t  t i n ’ t h i : :
p l a I t ’ was d iv ided  into  .~ 5 ‘st ’i’t ions , and tint ’ data from t I n t -at ’ :;; ‘s ’t l e n ; : ;  wi -m i ’ i: : ;, ’ t h
I l  :e Mtl ~1’~ program. i i  no exact value:; at’ t i m e  :; econid pax’ t I al d;-’i’ I vat. i v t ’, : , n n v  i - ; ‘;ig  - i

oven’ a ‘sec t- ion; , and tint’ oxnnc I. val ti,’ :  , cal a;: l i n t  ad a I (lie s’t ’nn Ii ’ n’ i’ s ’ I n i t  • Wt ’mt ’ i ’t ’!n: —
puted from t ine  axna lyt lend equation::; . Ranidom error W R: ; tb n m ’rn nl t lti t ’ti t a ( l i e  :;U ,n n lt ’ ,i ;;t a
and used in tine MOl m l~ I-n’ogn’ nw n. ,‘i’lu i ’ ~‘n’n’on ’ isa: ;  ridded t o  ( - h i ; ’ t’x ’ i n i gt ’ \‘m ; hut ’:: . nu i t  :s ’ii n ’ ; .

t~h:e’ act wet o mn’or occur’:: inn tine x—~ val ue n n • i’; ’;’:;i;::; ’ the moril  i ’ rmor’  - - ‘ s, ’ : ;n’ ;- re n a l - i -n’ —

centage at ’ the f rin ge  a pac lug and vn tt ’ ii ’:; in :: i n ;; ’ n ’n ’ t ’n !: t’n’ i n;ge ~ i n’n’ I m g ; ’ - :n~s I on ig

nt ’s the or n ’on ’ in :  ‘snnnmd l , th;i :; can; be ;u b ’ p n ’ o x  I mat etl  I-v an; t.’n ’m on - at’ ;u;i l ’s - r n : : :: i ,‘. i ’ i n :  1:, -

t’r in ig e  vau n t ’s. ) N ft’ert ’nt po n ’ ;’s - n : t - : :  on ’ omn’o n ’  were I i ’ : ; t  t~s,h • anal t i n t ’ n ’ s ’ :;:: I : ;  t u na : , ; :
in n Table IA)  i n d i c a t e  t h at, ion ; : ;  t h a n : 5 b’ i ’n ’ t ’t ’n nt ~-n ’ n ’~- n’ i n ;  t i , ’:; i n’s :-

TABI l’ ~A

IlANIh l~i i-It~Imt~lm IIi - ’i - ’I- t’’ ’I (~N ~~1I !.~: t ’lin ,i :\~t

Sect. 1 1 percent 5 percen t 10 perce nt

,XX - .0845 - .0877 - .032 1

- .1139 - .0696 - .349

Itu
xy +.9077 + ,8955 + . 8589

- 
Sect. 2 

________________

~XX -.1843 -.2581 -.3508

- .1842 -.1135 - .0957

,
XY + 7247 + .7261 + .5735

Sect. 3 
________________ ________________

•
XX 

- .07 15 - .036 5 - .1099

- .0695 - .0558 - - 1479

_____________ 

+.6188 +.6058 ~.6636
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Tine repeatability of the MODES program when a section is redigitized in ; also
a measure of it:; sensitivity to random error . A photograph of a holograph;ie
vibration mode was placed on the digitizer table , and the same region was d igi t . i z t ’ d
severa l times . At most there was a two percent difference , based on: succea: ;ive
digiti zations , In the perturbation function computed for tine segment .

To compare t ine mode f i t  for data from an actual structure, with an analy t ica l
solution , we used a disk fixed in the center. The analytical solution: for a circular
disk with: free edges is available . A photograph of the holographic reconstruct ion o f
a two diameter mode was digitized and fitted in each of three sections . Tine sect Ion:::

were at different radii and angles from the node line (see Fi g. 2A). Th;e calculated
perturbation: function for each section was compared w i t h :  tine exact anrnlytical
value at th:e center point of each section . The percent di fferences for cad :
soctiou were : section 1, 12.5 percen:t ; section 2, iO. li percent ; and ::ectiorn 3,
2s.0 percent.

-: Each: calculated value is for tine’ point with: ti:e specified rad i us and an :gl t ’ , neal

t ine mode fit i :n  an average ove r an area. If tine area is decreased in sizt’, t ine f i t
should approach tine exact solution .

s’I’~ iN s, li :~ Program

Anoti ;t ’r p ;‘ogn ’nun; , Ch ANGE S • solves tine equat. ions  don : on’ ibcd i n n  t i n ; ’ ::i’~’ t i o n ;  oti

Theory to calculate the thickness changes required in: a structure t a  n ; :nnh c t’ den : i red
cb :mmn ; g t ’’s in the v i b r a t i o n  modes - The usci’ spt .’c i f i e n ;  wh i l  cli modes arc t o  be c l;anngcd
and by what amount . The change param eters specified (i.e. , A 11. ‘

~i~~’ 
e t c .  ) s,l;’t-; ’n’ —

rn i in:e which ; perturbation : functions are required. The pr ogrnunn acci ’I’t :: t i n e  mad; ’
coefficients (and normalizes them), the plate tl:icknesse:; , arid oth er con;:;t maul :;

needed to fornn each ; perturbation: function . Fon’ s i m p l i c i t y , each; p en ’ t ur b a t - i on n  f um:~ —
on ; ha’s a constant value for each scction - T h is  requl  :‘es that .  t h e  nn ;odmt l conn ;pan; en;t

of I lie perturbation function , 
~~ 

•k~ 
be averaged oven’ each : section: . ,\:‘- a m ; - - , ;u l t ,

cacti s;’ct.ion will. be assigned a constant ch an ge in: thickness , and th ;e n e w  i ’I n n t ; ’
w i l l  h;ave a th i e kmne : ; : ;  profile w i t h  steps of di f f e r i n g  he igh t .  U sing  t i n e  pen’tw’ba—
t i er ;  func t ions , t l-ne computer forms the  per turbat ion matrix , and fronni tine chna nnge
parameters , tine vector of s’s. It then: solve:; for the new t h i c knen n : : t ’:; of a p la te
hav ing  tine desired mode changes , based upon exact change:; i n  mass , ( A i n / h ) m ,  and
p r i n t s  out tine EMS thickness change . Th:e program then goe :; back , and , us i m;g h i : ; ’
new plate th;ickn;e:;s;’s, computes all the new mode dinanges ; eve:: t.h;~ se’ wl:ere change ’
was not s p e c i f i e d , via the more accurate mcthnod of Eq. (lL~A) .

The pertun ’bation functions for the simply supported plate were calculated
a mn:mi y i - i :‘aI I ,v on: a programmable calculator . These perturbat ion:  fum :ct ion ’s  were cal —
culated for t h e  two mode functions in Eqs. (3A ) and (1~A), and tine perturbation limo—

t iomn :n car; be :;eenn in Fig. 3/n (a ,b , c , and d ) . (Note that 011 and L~~a~~ • fox’ exnun;ple’
have t h e i r  maximum values at the cornen’ :; of the plate even thnou ~ i; tine nn iod ; ’ fm,u:ct, i on::;

38
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are zero there . Tlui s results from :: t h e  i; i g h u  torah ru g th at occurs in t I ’s~ ana n ’nle n ’ ; - )
,
~ext , th:e mode coef f i c i en t s  for one quadrant of the ‘s im l -ly supported plate , as
calculated from comniputer—generated data poim;ts ( ‘see 1-1OPES - s e c t i o n _ u : ; ) ,  we r e used in
tine per turbat ion)  function: part of the CHANGES program . These p e r t urb a t i on  func t i on
values wore  con::;-an ’cd wi t .h  computer calculated values for tu e exact ar:alytical solu-
t ion : of the perturbation function for t h e  plate. The result’s are ‘s hown : in Fig.
1k/n (a,b ,c, and d). Tabulated are the exact values at the center of the section
and the percentage error of the numerically calculated values . The results indicate
that a large percentage of error occurs only where the  perturbation function is
small.

In order to ch eck if changes in th ickness  gave the correct mode perturbations ,
the t h i c k n u e ”sse ’s of two corners ot’ the  simply supported plate were thi;smed by 30 par—
ce- n I t .  Again , t he mode coe f f i c i ene ts  Ic_u ’ the simply supported plate , as calculated
from computer—generated points , were used in tine perturbation : function :. This t im e ’
tine mode per turbat ions  were compared w i t h ;  the mode perturbation’s calculated analyt-
ically . The results are in Table h A .

TABLE h A  t
PET JEBATICN C tTAEIIC I-t$

_______ 

Comp uted An al yti c Percent Di f f .

151 . 779 Hz 151 .645 Hz +.08 pct .
387 .233 Hz 386.378 Hz + .22 pct.

C12 ~.Q 12923 + .01 331 l — .291 pct.

- .01166 
— 

- .01277 -8.69 pct.

it  was concluded that the ChIA kiEf px ’ogn ’am:: worked properly , a n d  t i a ,t i t  and t h e’

~‘IODE~ program st:ould be applied to an exp ei’ in : :en: tal  t eat .

:::ni-i ; ’I::t - n l t  :itiofl

Time structure chosen for redesign was a 1~~.T cm by ~~~~~ en :; car :t iloven ’ alur , :innum
plat e , clamped on one end , an:d excited Py el ec t  n ’onnag n ;t ’t i c  t ransducers  ‘~~ h::uTat l a g
eddy currents in  the alumin;usn: . i”se exc i t a t ion  frequency w:in ’- ad~ u ’s t c d  un :til t i n ; ’
plate was v i b r a t i n g  in cn:e of I t s  nn ornmna ,T. ;:nodes , iden:t  i f l e d  I -y observation t n:rou~i: a
‘sp eck le  in ter feromnneter .  A sui tab le ~u _ uj - J- t ude w as ‘set - • and }:o logm’ :u :nc we’i’ ;’ ;‘;‘co:’dt ’tI
for the f i r s t  f ive  modes , the fix’:; t t Pro ;’ 01’ WI: ci: we:’;’ p;’e’: e’n I t t’d as Fi g. ~ in: t : :a
ma inn ho~iy of tb :e r epor t -  - The f;’e-~ucn ;ey a;’ t In c  max imum re’s r on_ usc  for  each: mode’ w:e;

recorded ( f1 = 1 ~‘O • ;- l i z , f = 3 3 3 . 3  hz , 1’. = ‘~3O . l i z )  and h ’ i m c t  ogn’ :u~~Im: ; were taker;
of each: h a l  cgr:tph Ic x’eco ;;t ; rue t Ion :uutl  c - n ;  :nn ’god pn ’ i n n  t S n’:a~t~- -

14
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THETA 11

x

1 4 1 3 —  0.060 0.266 0.598 0.93 1 1 137
36 7% 8.3% 25% 0.8% 0.2%

0.289 0.412 0.610 0,808 0.931
1.099— 

~~~~ 4.8% 2.3% 1.2% 0.8%

o 785 - 0.659 0.648 0.629 0.609 0.598
2.0% 2.0% 2.2% 2.3% 2-5%

1.029 0,883 0.64 8 0.412 0.266
0.471 —

0.3% 0.8% ?.0% 4.8% 8.3%

1.25 7 1,029 0.659 0.289 0.060
0.15? - 

— 0 .2% 0.3% 2,0% 7.3% 36. 7%

C I I I I
0.157 0.471 0.785 1.099 1.4 13. V

Figure 1eAa Conniparison of Analyti c and Computer Calculated Values nsf Perturb a—
tion Functions for Theta 11
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THETA 22

‘C _____________

l 4 I 3 -  0 1 7 4  1 .072 1.629 1 .075 0.176

*9 1% *8 %  - 1.3% 1 .9% 38. 7%

0.284 0927  1.325 0.929 0.285 $

22.1% 7.4% —0.6% 2.4% 22.0%

0 7..*r - 
0. 46? 0.692 0.834 0 693 0.46 2

3.6% I 1% 3.6% 9 .1%

0 4 7 1  - 
0.640 0.45? 0.344 0.451 o.6~*9

3,0% 63 %  9.7% 6.3% 7.9%

0. 750 0 3 1 7  004 1 0 . 3 * 1  0. 749
0. 15’  0. 4% 9.5% 01 ,5% 9.5% 03 %

0 J~~~~~~ 1
0 .157  04 11  0 785 * 099 1 . 4 13

FL gurc ~sAh Compn,.ri ‘son of An i n.ty’tl t’ and Compute n’ Ca] ~‘u ~ ated Va ] InC’s of h ’ e i’t-ui’—

bation Fwictiono for Theta j ’.- ’

hj
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THETA 12

• 

1 4 1 . 1 .~~~~~~~~~~~~ T~~~ 

- 

1 .
34:-- 

1 . 364

)% 4’s, .1 I ‘~ . 0 3% 1 I S I *i’\.

- ~ •‘%~~l 0.’sn-I) 1 09.1 I 0!’ 7 0 4 4 %

* n n - . .‘ i*-~ - 0 :‘~. ii 7” ,. 09%

0 ¶~4-* 0 (~,*4 0 %i115 0 t~(i I 0 ~‘,\)

0 78!’ —
.1 7% ,‘ ‘,. I ( n ’ ,  ;l 95 ~1

(‘I %~ 1 1 0 ‘8 7 0 ~84 0 t’Ci6 0 ~‘C):
0 4 7 1 —

0 ‘ss .‘ .-~ 6 .‘: ‘• ‘ , * 7!’ O’\.

- 
S 9 70 (1 !~!‘ni 0.0.14 (1 ;40 0 1 .19

0 I -‘ 

~~ ~~~ 
S’s- ’  4,1 65 I .:~~, ~ j ’,.

1 ‘ 1 — _________

0 I~ . 7 0 4 ‘I  (1 1Ht, I 099 * 4 I .1

h i g n n n ’ ( ’ 14 A , ’ u ’~’ n nn h l n ln ’ i  ::, ‘ nn of ’ , \ nn n ly t i  o r in d n ’ - n m n ! ’ : : t  en ’  Cnn  i e ’ n :  I n n  t .e ’$ \‘ :l l i i  ,‘‘s c t ’ ‘0 : 1

t ‘n : f” nII ,’t h- n i ; f’, ’n’ ‘il n ot i I,’
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THETA 21

x 
____________ ____________ ____________ ____________ ____________

—0.008 0.234 —0,477 —0.494 —0. 21 1
1 .41 3- 

—430.0% — 10 . 1% 0.6% 3.3% 3,9%

0.1 78 —0.087 —0.388 —0.454 —0.201
1 .099 — 

— 2 3,5% —0.5% 1.8% 2. 1%

0.480 0.150 —0.244 —0.390 —0,185
0.785 -

4.5% 10. 9% —4 .7% — 1, 3% --0.6%

0.181 0.387 —0.100 —0.326 —0169
0.4 71 - 

0.9% 3.7% —20.7% —5.8% — 4 . 3%

0.967 0.534 —0.01 * —0.28 7 — 0. 159
0. 157 - — 0. 1% 2. 1% —600.0% —9 .2% — 7 .2%

0 I - 1 I V0. 1 57 0.471 0. 785 1,099 1. 4 13

Fi gure 1sA d Compari son of Analytic and Computer Calcul ated Values of Perturh a-
ti on Functions for Theta dl
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i- ’ n ’ i  n ug ; ’ dat . a  i’n -a n ; :  1 - n m ; - r: n t n! ; - I -  a gn ’ :u :  ‘s . - wa~- n -x t i’;tn ’tod by n::: ’ n t n u ; ;  n u u  x — y
re’s i t  loin di gi t i z in g t ntl- I; (di’)  n::n :n .;-po i u’ - ) n ;u : ’ sP -  u— y Curru nlgn’nub : n ’ s , . i l t , . , ~~n :  i ’ . 101.

a’cun’at.n ’ to P - Pd’.- I n ucb ~~’:: (d. I n no u ) - ‘; i ;  ; ~‘c :u ; ;  1 . 1 ; ’ nh of ni nu t o t  I - L’s n - i  - , nl ; - o; ’ : L i  - - n -

A ‘s :- I nt y , anid ni cw- -o n’ , wi ii cli it : ’~ 
- I I ’ con:.- ’- I - - I e ’~~l of e t a’s : ;  ha :  “s , c’s it I on: : - ni t I - ‘a , n u n

1 _ uL~~ i-ut . t .on :’s . ‘Phie cn ’,;:-’s hal n’ s W; ’ Ft  centered over a pa1 n :t on t h u e ’ tnt l- 1~’ .- :n t h e
p0:; it i o n  b u t t o n  p us huc d . ‘lb: ;  N arid Y value’s ( i n  le’ft—i::-tnah (‘OOl’d i n n : i t  - . - ) ro n ’  t ‘sit

poinit on the tn_ ut - I ;’ , tiu ; - n u nt i- ~-eni n’ ;-d on; the d i s p l ay , ni n_ ud w t ’:’n ’ -a ’ n ul  t o  I l i t -  ‘; - n ’ n ; - n u t  ; r .

An overlay gx’ I d w 71’s di’awni win i ci ; had the ‘same- pox- imeter a’s Li i t ’  - I a t o  i n n  I

‘ h n o t o g l ’ a ; - l u ’ s  anid was d i v i ~ l - -~t in : to  ~ tt  ‘section::; (c x h) , with : t i n t ’ ce - n n t - ; -r at’ o ’sch :
::ee’ t loin nn :a rk ed .  ‘il: I ; ;  ov;:i’lay gri .1, posi t ioned and pei ’nnnan ;n ’n:t Ty Ii x~-h I a

di  gi ti  ‘se- n ’ table , wa’s used i ’a n ’ all 1. h i r e ’ ;’ in noelo :; to del I n ft-at c t h u c  ::; - ot. j a n u s  at ’ ‘V n L I  unt—
t i on: - Each : mod; ’ p i n a t  ogn’ab’ iu wa:’. ’ si Id , in turn; , under t i l e ’ g r i d  fox ’ evaluat  i an ,
1 u ’sur ir :g that  the or lenta t  ions , I ze:; , pa’s it i cnn ’s  , and c; Iul .e ’n :7 of ontc l  ‘sect I on: w~-u
i-c t:n ; ’ : ;nt n ne for c-acm mo~ht ’ -

i ’on  c ue Ii  :ne~ t. ion , t. l’s - e ’ e’ n u  1.;’)’ point  was recorded ar id t ine  f r i nge ’s  wcn ’~- dig it :-.~ -d

one at. ni t i me - An in: it- ial fx - i  nige number ( the  lowest ) wa ’s entered i nit ~- thic co rn j au t  - -

arid at’te-n’ digiti zing n.’an ’ b n  f i - inge , the frinuge’ n:uitubei’ could be in i c r e a ’s e’d by anu s ’ 1’on’
I - i  i t ’ n iex t fi-in:ge by plu ’s i  i i  ng t h e  cursor ’s flag but ton , or by en tering i t  ‘se’pnti ’nt; ’ 1.1 ,v

via the terminal . At ’ten ’ each ‘sect ion; wa’s finished , an in;st,ructionu (Elm ) l i i i  I I
s’on ; :put n_ u L ion of’ the n:iode coot ’ t’ i c i  ents for th at so’ ct ton , anal t his’ process wa ’s r o b - i -n u t - t -

Ion’ tine next ‘sect ion:.

After t h e  mode c o e f f i c i e n t s  for ’ all ‘sections of all 1. im n ’eo  ni;odcs were foun d ,
the A , B , and C c o e f f i ci e ru t s  for t h e  f i rst  three modes were p l o t te d  an:  isamc t n’ i c
paper. Th ese dx’aw tr ig ’s  were ’  examined for smoothness , and ‘s e c t i o n s  th at appeared
irregular were redig i tizc ’d to check the i r  accuracy . If new values wc: ’~- max-c ~- e ’g t : l n n t ’ ,

they Wc i’ n’ used in :; 1.

‘l’hc exact th:ickness of each: sect ion of the plate was n : :cnt ’sun ’;’d ( t ic t i n  I c kno ’s s  a t

the plate was roughly - 3175 cm , but the programs allow 1’or di l’feren:t. thi i c k n m ; ’s’s;-’s 
- -

for each section), and the other con:stants determined ;‘xp ;’r i nnut ’ n u t . n i  [ ly (i- : = ~1 x I - .
(~ynes/cm

2) ,  p = 2 .7  (g/ cm 3) ,  and v = .31). The mode ~‘ael
’t’icients , p la te  t i n  i c k n n ; - ’s . - ,

and oth er constants were used in tine CHANGES program . ~everal d i f f c r t ’nt de:n i gnu n ,
with:  d i f ferent  mo de perturbations were examined , and one ‘such d e s i g n :  w:is ; c h l a :; ; - n ;

Icr fabr ica t ion  vi 71 I I:;’ CAb / h ) mode-il • Ti:e des I on: , ‘hn a ’so t i  h i n i l ‘hn : n io ’ n ” n  7’ : n~~!

- 
- 

A11 = — .10 , A 22 = + .l0 , A 21 = ~~. 599b , and A 23 = .0800 . The f i r s t  t w o  ;‘arn’ - .;pa n u d

- 
- to changes in frequency of the f i r s t  two modes of A~ 1/w 1 = — - 1 Pt and .\a a n,t~ = I’ . P’)’ .

The ‘second two correspond to adsniixtu .r e coe f fi c i cn :t - s  of’ C,,,~ = — - . ‘ 1 4 ’ ) 1  :n n n , h  C , = — -

which disi- lace the node l ine of the ‘sec c_ un :d mode as siiown x in; F i g .  ~A - T I n e  i - n i t  i a ’s
— A lt / l i  for each: sect ion are presented in  ‘ ! n i t l  t ’ TTTA , a :‘ n ’ n _ unot ’ i  in; t h i ’  0 - ‘‘, -;‘!~~‘l  I -~

the sections on tl:e plate. Tine RMS change in th icknes: ;  was
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CLAMP W END

Figure 5A Plot of New Node Line Requi red for the Secon d Mode of a Modified
Cantileve r Plate
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PAi~Lh’1 IT TA

T R A C T  EONAT,  ‘UP ! CK ’TI l -drt t ’hIA N~ !:t ’

Clamped End

- .109 - .169 - .356 - .294 - .084 + 196

+ 011 +.028 -.007 - .017 + .003 + .016

-.058 +.lfl + 1 93 +.222 +.147 +.047

-.230 4 .006 +.1 35 + .294 +.265 + 218

-.506 -.107 +.]35 ~.284 +,404 + .281

- .847 -.352 4 .153 +.468 +.506 4.504

Free End

Figure 6A shows the new plate , cemented and bolted to the sainne base block used
f’or the uniform plate , and located in position with: respect to tine bn logram
x-e’cording apparatus . The frequencies of the first three modes for t. is plate were
LOt- .3 Hz , 381.5 Hz , and 770.6 liz , respectively, an:d a ph otograph of che ’ inologr apiute
r’ecor:sti’uction of the new second mode is presented in Fig .  TA. The admixtui’e
coeff ic ients  were determined by d ig i t i z ing  section 314, t h e  free end section tin at
contained the displaced node line , and processing the data with the M0D&~ pro grnun n
to get the bi—qua d.ratic fit coefficient s. Thc ’se’ were then normalized and used
w i t h  the normalized bi—quadratic f i t  coeff ic ients  for that section from the f i r s t
th ire e modes of the original uniform plate to form a set of simultaneous e.luation:’s
expressing the new mode shape as a linear combination of the old mode shape s .
Solution of these equations gave the admixture coefficients C~.,1 = -0 .217 and
C

23  
= — 0 . 0 9 3 5 ,

Given the plate with modified th ickness , as tabulated in _ u Tn ib l c  TE l , t ,hiex -e n in a ’

three ways to calculate the expected perturbations of tue vibration modes. Vi n”st . ,
we may integrate Ah /h times 0nk as defined in E~. (21A). Second , we may compute
the corresponding variable A (h3)/h3 = ((l+Ah/h)~—l) and integrate its product wi th
0~~/3. (The latter will correctly model changes in :;t. i ffnics:’., whereas the
former will correctly model ch:ange s in: ma ss . )  Tl:ird , we may U:;e l’othx paramet .en’s
in Eq. (114A ) to get the most accurate estimate of’ t. i:t ’ f i n a n t — a n’d cx’ mode pcr t .w’i’nt t  janu s.
The results of these th:ree methods are tabu lated i n  ‘I’ ; uh lc’ 1 \ A , I coot h - n’ wit h : ha -
experimentally determined value s. Also tabulated ar;’ t i n t ’ root —n u ; ’nuu - : ;~huan’ t’ d i  n’t’;’n’-

ences between the experimental, and each: of the calculated values.

~ :i;
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Figure TA Photograph at ’ a hal cgx’an Reco nn e t ru e’ti an: on ’ : Cant - i c v ’  t’ 1’! nt ;‘ at ’

Vari able Thickness Vibrating in: it-s It ’ s - n t  M l . ’
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Ph 1~ I \ ‘

h- l-bl ~”:’ n i ’ ;A I - r - ~: ‘n ”-~1’AHTI ; ”tI

v ia  v i a v i a
Exper. ,\h/h ~(h3 )/h 3 Eq. (14) (Des —Exp .)

- .119 - .106 -.153 -.0593 +.0 13 
—

~.143 +.095 + ,0634 + .1 51 - .048

Aw 3/&~3 
+ 055 + 015 + .0246 + .0661

C21 -.217 — .2491 = .2443 — .2487 - .032

C23 -.0935 -.0508 - .0553 -.0559 +.043

RMS diff. 
_______ 

0.0 372 0.047 1 0.0351 
_______________

h i nd t im; ’ perturbation of t ine  fro~iu ; ’ni cy of t u e  t i :i rd  nnn ode h ias been _ u i nc l ;ud - ,i ,
;‘v; ’n: I i:’u~ h : It was a parameter whose eh unu nu g; ’ wa~ nu at s p e c i f i e d .  Tue pe’:’t w’b:n I i o n : :
caleldated v In ; ,\h/h (except fox’ , \ w3 /u  j  is-c n’e’ the des ign  object ives , and the  IMP
di. t’t’er ’en:ee t e t w een :  these and th :e t’xpe:’ I n;i~’n;ttü ly obtain:ed result.:; was - 031’”. I 5
is 27 pe’x’cen:t o t ~ the root—mean—squar e o I t i n e  dc’s ign ch:anges - Tine ins t column

~‘n’ ;’’st’mi t ‘s t ! m t ’ ntl solute di fference b etw eenn I i n ; ’ original dc’s i gnn requi x’ ;’n n : ; ’n : t m ; and Is -

‘xpc:’ i nn: ; ’n it a l l ,v obtainied value ’s -

Con::; iderin;g th:e comple’xi ty of tine ci; ’:; ~:n; requir ennen_uts , and ti-ne ‘s i ze  at ’ I In-

c l u ; ungc ’s ‘spec i t” i ed  (adinnixture be twee n ;  mode ’s P and I. was 25 percen:t ) , we ‘ s iu ou i  I
n ’e’ga x’d this’ rosul ts as quite favorable. All . ‘ann ’strain ed pan ’ameters did cinanig;’ in:

t h e ’ ;‘o ;’n’t’c’ I. direction , and it is x’en;’san :nii- i ; ’ I-a assume t hat a :;ecc’nnd it.crn;t. ion : a:~
t h e ’ nn: e’thod , t’ase’d on data taken from t in e :meco n _ u d plate • would re sin i t - inn  a j ’ ln i  I ;‘ ;. ;

v ibr a t .on ’,v pex ’t’orniance would be qui t e clo se t o  sI’eci f l o a t  i an ; . It shoul d he ni , - t  ;‘si

I had. th u s ’ lar’gest change parameter , C-,, , ~n eo n ;n ’s to h ave dominated the de:; I n~n x at t 1:1 ; ;

‘st ep - The last column of ’ Tab !; ’ TVA , whi ci; woin id :‘n -av de t he I ‘slut n’~’nn I ;‘.‘n’; ’n -

Ca;’ t ue n-next i teration , sl:ows a set of rather small changes we’ll distributed b.,’t w. ’t ’n n
t u e  four parameters .

In n i - i te s f ’  the good agre’c’nn: cn ;t just d isc us sed  , can ; : ; I derable t hiough it was  p i von ;
t on th’s.~ :;sUrCe’:: of  err -an’ that inn i ph t  ~i end to t I:;’ d i t’t’;’i’onn ; ’;’’s hot wee’s t u e  expen’ i nnn e ’n:t .a.h ,
and cal ‘u l. n ;t e ’d j’e’n’t.;nn’t nit . janus . rh :e~;e co uld i a ’: a )  t h :e’ st e~’w iso ‘sat uro of cur p1 ‘ s I t~

h ) t i l e  ‘scale of e’ : i n  n ’ h n n ; n ; g e ’’s I -c l  m g  too lan’ge’ t’er Ci:’:; I — o r d e’i’ pcr turbat  isu n t h ; ; ’c:’y
ar;d c ) cn’n’or:; in out’ on’iginal calculat, lout :; c t ’ ;;e’oan al d er ivn ;t  i v o ’s  -

With ; i’e’:h’Cc t to the  :;t cpw I :nc’ structure of ~nnn ’ p T ni t c , n;n :ot i nt ’l’ p l ut e  • will :

slightly different do:; i gni changes , was bui l t  t a t  ii i n  ‘st n -ps and n i ’s a ‘snza ’t :1 y ~‘o n :—
toured sur face I n:tex’pa l ated between: thne o;’n ; t  ox ’:; on t’ our ‘soot. i sri’s. ‘II :.’ ox~~’ n ’ in :n ; ’n: t  nil l v

4 determined perturbat ion:; :;h ;ow ; ’d 1 05m m v a r i a t i o n -n  l-etw eeni t h m o ’ s c  t w a  do:; i pn i ’ s  t i ;nux t I n e
variations in Table lilA.
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. ‘----‘—-,-.•-



-- ~~~~~~~~~~~~~~~~~ -- -- —-- - —

.

‘sonIc’ 01’ oUt’ c’uunuige:: , vi ’s ~ mt ~~V i s  t tie x’xuigc’ a I t’ in ’ :; I —ord;’ 0 m~~- n ’ t  un n’: at  I on:
I l:; ’a n’ ,v • I: ;  t h a ’  lnk t :n t. likely :;e’ux’cc ’ of  c’n ’n ’o n ’ - Pt ill , the  er ro rs  i nli: ; ’n ’ t ’n u t m l :

cmi l O U I i ’ c t  b o n u s  01 t ine  :;~‘con:d p n u r t  b a t  der ivat ive’:;  ol ’ t ho  nniodo : n i n i t p t ’ .n n:. - ;-dt ’,i t It ’

;‘XIUnI Uu ecl  - 5~!:c, ~‘ay t a eta ti : is 1:7 t in t’e’u~-~iu 0 n’t . u agon: ;t  I i t  ~ ar id lILy i t ’ I gn :—~ u’ - t I a n :  I
c’s t 5 - Tt n dc’s;’ i-I he t I :ese’, let us de f ine  a pnn I IU I:c ’ t e ’ u’ , 1

~rik ’ 
it:;

Kflk 
= (~~ ) T G (~ ) dxdy .

I i : ; - on ’ t  hiog ,onULl i t ~ ‘t ’I m t t  I c’n:: nh; f t  de’r iv ;’d in ; le ~
‘ 14 x’€’cl Ui i’a’s th ’s_ ut

, ,.ni.. ,
‘ ‘ ~~—\

m i n d  i~ay l e i gh : ’ s pr i n i e  i pie require’s that

= 1 . ~~~~~~~

I., :n iiould he the ni;oda,l m ;ii t’Cnne ’:ns , K -
ti

A pr~ grn_u~u called CIIECK wa~n written t a nb cept tIn e data frotn: th;’ on- 1gb ann I unu i 1,- n - n - ;

p1 ate arid compute the checks

V 1( 1,’ V ~1/2nk’ “nn ”kk’ , WhIOn n:~ k and

wh en : n k .

i’he :- ;-‘sult.:; are l’x’;’:;cnt cO, in: Table VA.
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TABLE VA

ORTH000N ALITY & RAYLEIGH QUOTIENT CIDECKS

- nk check

12 — .014

13 - .126

23 + 0276

11 0.808

22 0.830

33 0.741

Th e f i r s t  mode does not seem to have a st i f f ness function that is orthogonal
wi th that of the t hird mode , and the three Rayleigh Quotients are all too small.
It must be concluded , therefore , that th ere are significant errors in the second
partial derivatives computed from the vibration mode data. This is understandable
because these computations involved considerable modeling approximations to begin
wi th. From a theoretical standpoint , these checks should be regarded as funda-
mental requirements for the modeling of the mode functions in the first place.
Thu s , what we really desire are values for the second partial derivatives , as
close as possi ble to the ones experimentally calculated, that none—t he—less
satisfy orthogonality and Rayleigh—Quotient conditions , Fortunately , the nuinimiza—
tion theory presented previously can be used to find t hese values, and this  is
pre sented in the next section.

Theory of Minimal Adjustments

We wish to make the smallest changes to the 2nd partial derivatives needed
to pass the orthogonality and Rayleigh -Quotient conditions.

We represent the small changes by matrices , (~ 4~~) to be added to the matrices

(~~~~
lu) (~~~

XX 
~~~~~ ~,XY ) T

The orthogona lity criteria and Rayleigh—Quotient criteria are defined by Eqs. (27A)
and (28A),  respectively . Since we have three modes we have only six constraints
on the changes ~~~~ as opposed to 36 sections for each of three modes. If we
make the minimal changes to the 2nd derivatives , however , in the same way as the

56
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rn :inimal  t h n i o k n i o ’ s s  ci:anges were obtained , the problem bc’~~o~n: ; ’:n Un, ~:t;- ly ,aI vat Ic o

a first—orde r approximation . If we s u b s t i t u t e  
~

‘
~n + .\~~) i n u t o  l-~, ; . ( . ‘ ,‘A )  and

t h e Rayleigh —Quoti ent and orthogonality condi t  ions cai n ho n ’Xb-!’ o-n :n c’d to I’ i n ’ : ; t — o r , t ; ’n ’

as ,

0 ff P~~dxdy ~~~~~~~~~~~~~~~~~~~~~~~~~ + (~~ )G(~.~)) dxdy

when n=k , and

0 =ff Pfl kdxdy 
~~~~~~~~~~~~~~~~~~ 

+ (,fl )T G(~~~)] dxdy ,

when n:~ k , and A0 is the area of the plate. These criteria can be’ mu lt ipl~’~i by mu :
a r b i t r a r y  constant and, added to the equation expressing the mean—square’ o h i a n i p t ’ . Il:
the case sf two modes , we obtain the following equation; for ~cn -o v a ri an :ot ’ ot ’ t I n -
index of chan ;ge ,

o = off [(A~~ ) T I (
~~~~~~~~~)  + (~~n)TI (~~~)-A 1 P11 -A?12 -A 3P22] dxdy ~3l~\’

where ~ is the identity matrix.

The solution of t h i s  equation is ,, foun d by setting the partials sI’ t i m e  inite g ;’mn.t:d.
with respect to all ccn ::pcnienit s of and (.\~~~~2 )  , equal to zex’s . This give :;

(&:ni) = G [(i~~),t ~
,
~~) i  0] (x ) , m d

(A ~~~~) = G [0. (~~~~
‘
~~) , ( t 2~~~~) ]  ( A ) .

These equations for and (.\ 4’ -,) can be subst i tuted into 1-Iqs. (2- )A~ and t~~0A~ to

solve for ( \ ) . The ti :r ec’ resin IL b rig oquat iems rnmny be put in:te’ matrix riot n i t  i at; t a

be solved for (k) , given which: ,\~~‘ can he found via Eqs. (3.’A) and (S3~~~.

~~~~~~~ O]
TGG [(~~),(~~), 0] dxdy

K12 +ff (o •(,~),(~~)) T ~~~[ Ø ( ~~H ) ( ~~U) ]  dxdy ~

— ( K22 -14M2) /2

I; -’
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To w i s h :  t a ; ‘~~~‘, e n d t u b  :~ 5 i’o ,’;’ : . : a :ud ,’u .t ;n ~ -~’ n :s- ,i~- . . I ‘sIm :n t mo n ~1A ) in n:
t n , ;  Isn’t;:,

0 = ~ff [(~~~) T 1 (.~ j ’) + (~~~) T~ (A ~~~) + (M fl )T I (
~~

)
“ -A~P~1 -2x 2P12 -2~3P13 -A 4P22 -2A 5P23 -A 6P33] dxdy .

ibm; ’ I on:: a:’ I t:e lal an’ ~ - : : : : : t  I on:.; in t i l l . ; e ’ n I S t ’ n t t ’~

= G [( ‘~~
‘) , ( i ~~) , ( ‘ ~ ) , 0, 0, 0] C x ) ,

(s
~~~~

) = G [0 , (s) ,  0, ( t ~n~~),(i :” ~ ) ,  0] (x ) ,

(As) = G [0 , 0 ,(~~~) ,  0 ~k~
)
~

(
~ )]  ( x )  ,

n- a:’ ‘s in ::i-i j ol t \ • I ;‘t U: an t  II tin’ n’:n lt riot’s in: t i m e ’ seluart ’ t - i - n n ~’k ;’t s a I’ :~qs. i $(‘~\ ) —  ~~ A )
P • ii • nnn:d 2- . n -c ’s ~- t’;’ t- i v ; ’ I, - hen , t I m e ’ e a i u n u  t I an’s tin t t :711:: t he’ ;noi vol Ion’ ~, 

, ‘~ nn:niy I-~
w i-itt en; in: n:;:it n~iX !‘oI ’nn: mt :7

/P 
-(K 11 -~~M1 )/2

f -K 12

~~~ -K~3 = [ff (Q”GGQ + RTGGR + ST GGS)dxd y ] ( x ) .
I ( 3-IA -n

-(K22-4M 2)/2

- K23

A’s ;‘t ’- ’” e~ • t i n ’  sa int  is:: for ( \ ) is used in h-i qs - ( 3t ’A — n , 3~ A t o  gen ;t ’i’:i t t’ t I m e ’ ;‘hlntn;g; ’:;
in :0 50e ’O, der i v a t iv ~’’s t1;’e’t ’:;sa r\  to ;‘l’t a inn val ue ’:; t o  sat  i sI’\’ th e ’ ot-t h~’gon:ntI Ii ,V

and lntv Ic: gI:—~ uot : cat  can:di t ions ;

A i’:’e’Ltr:u:: called M I ~~~’UI’2 -E wlt :n writ-ten whie’h rt ’rt ’or:nn t ’d t he cor’4’ut at ions i n -,di o m i t  el
above. Because t b ~t’ computation was actually a l’ix’ :m t— -.’r;I;’;’ ntpprcnximat ion in: 1 qm; .
and (32-A ) , t we’ passe’s were requt red to obtain: it’s:; than anne ’ pci~cent e rran- when t i:;’

I;
’ S
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adj u st e d  ;ecorn d par t i al derivatives were put into the CHECK program . ‘i ;:t: r -:;uit

a: ’ uoth !-as.nos are pranexuted in iabla VLA .

TABLE IA

CHECK TR OlhJ2 -~ FE C2LTS

nk che ck(1) check (2)

12 +.0051 4 +.000576

13 +.0]69 + .00285

23 +.00368 + .00691

11 1.0306 1.00060

22 1.00931 1.00003

33 1 .0250 1.00024

Finally , the adjusted values were used in the program that calculated tIne

perturbations that should theoretically result from the design changes (Thi7a TTTh’-).

~m ii~- tb,e computations via Eq. (li4A ) were made because these were prc’sunel to Le t Pc

most accurate . These are presented in T~ b1e V I I A .

TABLE VITA

PER TU R BATION CALCUL~TIONI3

MINFUDGE(1) MINFUDGE (2)

- .0864 - . 0822

+.175 + .174

&4)
3/W 3 

+ +.099 + .096

C21 - .2389 — .2400

C23 + .0643 + .0637

RMS diff. 0.0327 0.0328
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It can be’ m a c n i  f’ronn Table VITA t hat- n ; l  i cnn hi on of’ t in1 ’ ~- 1T t l 1 - ’1 P I t  n ’ : ’a; ’n ’ ; u n ’ I  I a t h i  -

val ue:; for  the  second partial derivatives did reduce t i n e  I’S.iS difference between :
t ine  calculated and experimental  perturbations . There ‘seems to be l i t t l e’  value in
mo re than or -ne applicatlon , however , and i t  cannot be said tha t  t h e  adj ustment  of
t ine  second derivative:; made an: outstanding improvement in th e pertui’bation calcu.].a-
t ions . Thie ra ther  large scale of th;e changes attempted in  Uris design must be
respons i ble , th erefore , for the majority of tu e errors . It would be de sirable to
ob ta in  a useful measure of the range of application of t h i s  technique . However ,
wi thou t  a large n umber of comparisons between theory and experiment it is difficult
to establ ish:  such : a range. The RMS ci:angc in th ickness , however - , i n ;  probably t in e

n nu a , n t  relevant par w-nicter , and t h e  value of 28. 14 percent for the case presented
b ut- re  is probably too large. Most probably , values between 10 percent and 15 11cr-
c on-nt would be more i n  keeping with tl:e spirit of fir st—order perturbations .

F in ally , some thought must be given to the ext ension of thi s method to more
pract ical  structures such as turbine blades , which :  would requi re  knowledge of the
vectorial  mo de displacements , and holograph :ic determination of t h e  in—p lane s trains
a:; we ’ll as the bending strains . Tine ’ t echnique  of h eterodyne h :ologram interferon:—
etry ( R e f .  o)  would have to he used to obtain  these ‘strain values . A’s yet , however ,
that type of holographic analysis has not been applied to vibrat ion; , hut , in

i ’n - inc ip le , could be by t h e  addit ion of stroboscopic techniques . Div id ing  tine s t ruc—
tun - t in to  sections would still be the most practical realization of’ t Iu i m ; procedure ,
although the computation of the perturbation funct ions would be more complex , of
course. The simple products of mode functions would be replaced by scalar products
of vectorial mode function s , and th ere would also be contributions due to  the in—
p1an~ strain components. ihi c complete de :;cr ipt ionn of what would be involved is

well beyond t u e  scope of th i s P n t i ; ’n’ ; however’ , i t  I: ;  our hn ope tl:at our elemcn:tary
results may s t imulate further- work i~ t h is area.
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